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FIELDS AND CURREKTS OF A SPHERICAL RBPLECTOR
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Dr. Hamdi A. slmikatil Dr. Kamal H. Awadalla™
Dr. Asim A.-F. Nabawi sng. Saber H. Zainud-Deen™™
ABSTRACT

A technique is presented for computing the induced
currents and secondary tields produced when a aspherical
reflector is illuminated by an electrioc dipole. An int-
egral equation for the induced current is formulated.
The current is ocbtained in a series form. Bachk term of
the series gatifies the boundary and edge conditions on
the reflector, Kxpressions for the secondary flelds in
the far-zone are also given, some numerical results are
then presented.

I. INTRODUCTION

The problem of diffraction of electromagnetic waves
incident on opeh metallic surfaces has been the subject
of exhaustive research. Most of these studies concentra-
ted on the parabolic reflector because of its wide range
useé in microwave applications, which is mainly due to
ita begng an ideal collimating device. Some gtudies have
also pbeen carried out on the gpherical reflector which,
although deing inferlor to the parabolic reflector as =a
collimating device, 1s superior to the latter when gcan-
ning ability is considered.

In the majority of these studies the geometrical
optics approximation method {5,6] wae employed where
approximate current distributions on the retlector's
gurface were uped. Thease digtributions do not satiasty .
poundary conditions on the eadge ot the reflector which.
congequently gave rise to susplcion in the accuracy of
the obtained results., This suspicion arose mainly becausge
the application of Maxwell's equations and its boundary
conditions is insufficient to solve the diffraction pro-
blem at the edge of the reflector. This was remedied by
Meixner whose method included the boundary conditions at
the edge of the reflector [8] .
1Y

In this contribution, the actual current distribution
on spherical reflector illuminated by an electric dipole
is found 1n a convergent series form. The secondary field
due to this ourrent is also found uaing a method proposed

by YA.Pel'D [1-3] .
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The results obtained from this research are discug-
sed in the conclupion section of this contribution.

I1. FORMULATION OF THRE PROBLEM

Congider an oper infinitely-thin ideally-conducting
surface 8, which js a part of a sphere of rng;:s a, shown
in Pig. (1). Let B and H be the alectric snd magnetic
field components of a wave incident on 5. This wave wil]l
induce an electric current on 8 with a surface density K.
A secondary electromagnetic field will be excited. Thisg
field satisfies the homdgeneous Maxwell's equations out-
side 5 and the edge conditions (Meixmer condition) on the
contour s . The total field B comprising the primary and
gsecondary fields satisfies the radiation condition at
infinity as well as the boundary conditionsa:

_ —=Q

E, = B, + B{ = © on S (1)
The problem of determining the secondary electroma-

gnetic field 1s known to have 8 unique solution. As &

first step toward +this end, let us convert S to a closed,

sufficiently smooth aurfece 5, by means of a geometrical

purface Z . For simplicity, ¥ is chosen guch that

S5, = 8 +Z 18 a sphere of radius a.

-

—

Let _K _be the unknown surface current we are looking
for, and B (K;8) be the secondary field induced on § by
the current K. Also, let Kn be one of a famlly of auxiliary

currents on S, and E (En;sd) be the field on S, due to the

current., Then by Lorentz recipfocity theorem:

j K E (Kn;SQ) ds = Sj Rn E (K;58) ds (2)

The following notatlon will be made:

- K on S
I = (3)
1 = _o
- 3 (K3 S) on Z
- B.(R_; sg) on 8
F=| ¢ B ° (4)
L - PR on  F

where, _ﬁ is the wave impedance 1n free space., Subsgstitut-
ing equations (3) and (4? into equation (2), we get:
- — __o -
§} IF 0s=- § K E e (5)
B¢ 5

The set of auxiliary currents (K_) may be chosen arbitr-
arily. It 1s convenient, however? to take the natursl
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modes of the sphere S, as K_. Equat%on {5) is an integ-
ral equation in the unknown Punction I. Solving this equ-
ation we can get the induced current on S and the fileld

over the compelete surface 2. The main advantage of the
pregsent method is that it combines the evaluation of +the
gurface current and the aperture field in single problem.

II1. MODAL SCOLUTION OF THE INTRKGRAL RQUATION

In the modal solution of the integral equation (5),
the unknown function I 1s replaced by an appropriate ger-
ies expansion. The basis functions of this expansion
will be chosen so as to satisfy the boundary and edge con-
ditions on S, In this way I is forced to satiafy these
conditions. The problem of determining I can be regarded
ag one of finding a vector function which 1s an element
of a vector aspace whose coordinates are the basls funct-
iong. To facilitate computation, 1t is recommended that
this space be a Hilbert Space. Scalar product and norm in
this gpace are defined by the feollowing formulae:

A , D= [ 2@RD* ¢ (6)
PR %
iz = S [T (k DF sl (7)
8

where R 1s a linear operator chogen such that the axioms
q{ Bilbert Space are satigfied and all the elements of

I'aq (S,) satisfy edge conditions for the current as one app-
roaches of from the S side and for the electric field as one
approachea from the Z side, The asterisk denotes complex
conjugate., It 1s convenient to take as the cperator a
matrizx having a dlegonal form with positive elements on A

and
; By 0
R = | (8)
O 322|

specific values of Rll end will be given later.

K
22

In terms of the above notationas, our fundamental equ-
ation (5) can be rewritten as followa:

—_ ~-1 =
(I, R F) = & (9)
where - -5
a = - K K ds (10)
n S 'n
It can be shown that the set Rl 7 ia a tomplete set

in LR {8,) (1). Hence this get_can Be used as Q}Bis fun-
ctions to expand the function I Dbelonging to ILg_|(S L in
g uniformly convergent series. However, the pet R %ﬂ is
in genersl not orthonormal. To gimplify to evaluatiogof

the expansion coefficients, we at first convert R Fn to
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an orthonormal family uging the Gram-Schmidt process. The
new basis functionsg ﬁm are found to e given by

—, @ T - —_—
um = nz a;'; R 1 F‘: m = 1'2’3’0000 (11)
whe re ai are congtants given by:
A
m o _ mo
& * :
/r fi-1 R 2
mm -
Egi i mh\ (12)
-1 2 11
(note that > IBmh| = O when nsm=l, hence 8= T )
=1 M2
where [l for n=m
= o= h Llj)
Amn - 8 me for n m
=n
n xh [
Bmh = > a mp {14)
= p
p=1
_ o=l 3 =1 =x
r;p = (R r; , R F) (15)

Rewriting equation {(9) in terms of sz we get

(I, ﬁm} =c

where cn ig the expansion coefficient of the function f,
and is given by:
m
¢ = aX0 g (16)

11} n n
=

In terms of the complete orthonormal system ﬁm
o

I = E CIJJ um (17)

m=1

2
Phis series converges along the norm of the space L (5,)
to some function in this gpace, and defines the current
K on S and the tangential field Et on .

IV, COMPUTATION OF SKCONDARY FIELDS
The integral representation of the field due %o the

induced current K on S can be obtained by using the well-
known relations of electromagnetic field theory:

(18)

el

It

[§]
=]

i)
=]
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h
" er?ﬁ L ot rot .S u_{(p) e_iklp_d‘ d
= —rot ro u —_— 8 1
B jew J “mP TEmp-q) “%p (19)

[y}

here|p ql| 1s the distance between the observation point q
and the integration point p.

The far-zone electric field of the reflector is given
to a good approximation by:

"
. —ikT oo 200
= - Kal_ et - ikaooaY
E = i E cSIu(p) e ng dQ (21)
W m @
4T E T m=1

where ¥ 1s the angle between the lines drawn from the origin
of the coordinates to the points of observation and integra-
tion as in Fig. (1).

Y. SPHERICAL REFLECTOR ILLUMINATKD WITH AN EL&CTRIC DIPOLE

In this eection we consgider +the gpecific cage of a gpher-
ical reflector illuminated with an electric dipole. The
orlgin of the coordinates is teken to be at the center of
the sphere. The dipole is situsted at the focal point of
the reflector and diregted perpendicular to the axis. The
focus is at a distence'sn/2" from the origin as in Pig. (1).
In this system of coordinates the electric (primary) field
components of the dipole gre given by:

—0 S
- --REZ_ e __T_ - - 2L ]
Bg= 325 g~ oinf [ (1- 4pp)cose cos8, - {Hreind) sing,
(22)
- 3 -1kR .
Q
- Pk e ____ S
EQ rig > ER cos¢ (1 75 (23)
where o 5
R = (§)L + r° 4+ ra cos® (24)
_ a/2_+ T cos_§ r_+_a/2 cos 8
cogl = ==S-cgm-c=oomo- 00992— R 5
. r sin © . _ _a/2_gin ©@_
sln91= miaintad - e j) 81n92- R
end : P is the electric dipole moment, € dielectric consi-

ant and X = 277 /"™N\.
As mentioned above, the current K and the associated tang-

ential field b (K 15, ) are the normal modes of a gpherical
surface:
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1
p
_ iQSing "“'Egél‘!'?“ + igcosg -2-5’111{2—" n-l’ 3,5,...0
K = 1 1 (26)
n p dp
lgsing _'I"lég'-"- + igcosﬂ _"_EZ?"'- ' n=2, 4'6,009'
sine de
and
R, (K _;S,) = - (Ka) (Ka) [1 oing-—-DtI(2 |
vt e o n+l/2 n+l/2 © 5™
1
p
lgCOSG _%:I%ég“] nal'st}..oo

1
- p ap
Ofsgé(Ka) éag(ﬁa)[ieain¢-§é§§+i¢cos¢—-gég}
Ne2,4,6,....
(27)

whe re pi(coa@) is the first associated Legendre function

_ /_211__ (2)
n 2 Hpeip (X
= -
n #—;E§'_ et (x)

é%(x) and r\ig(x) are the first derivatives of é%(x) and
xﬁ(x), respectively;

A
3
|

<
3
1}

and \f ig the characteristic impedance of the medium.

o] —
The matrizx R 1isg taken as;
Ryq O | |leos B - cos 0)0«? 0 {
R = g: ’OI’IS
0 R,. | 0 (cos B - 0099)0'5
22 | (28)
(cogé - cos ﬁ)o's 0 (
B} | on 2,

| 0 1 '

With this choice of R1 and R2 , every term of the expansion
of equation (17) will hatisfyHeixner's current conditions
on the contour Jf (the current component which is parallel

to  approaches infinity as f ‘and the current gomponent
which is perpendicular to £ approaches zero as p when Papp-
roaches zero, where f is the diatance to &£)[7]

The steps of computations are as follows:
1) The values of {;p are computed ueing equation (15}

*
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ii) The value of ai ig obtained from equation (12)
iii) Bmp is computed ueing equation (14)
iv) Amp is computed using equation (13)

Another ag 1s obtained from equation (12) and the above
ateps are repeated until all the coefficients aﬁ are

avaluated. These coefficients are then used to ¢ ompute

the expansion coefficient ¢ using equation (16). In This
way the current induced on ™ the reflector is obtained in
& gerieg form. The aperture field is obtained when equat-
ion (17) is applied to the complementary surfaceZ . The
far-zone secondary fields are evaluated from equation (21).

VI, RSSULTS AND DISCUSSION

Fig., (2) shows the results of computing the normalized
current dengity for Ka = 37. It is to be noted that the
curvesg of Fig. (2) are plotted only for factors which dep-
end on 9, The dependence on @, which is of theform sing
and cos@ bas been discarded. It is clear from the above -
mentioned curves that current flows mainly near the apex
of the reflector, The @-component of the current vanishes
near the edge of the reflector, while the @-componet inc-
reases infinitely in a very thin region._We have_plotted,
in the gsame figure, the current density J=2 n x H used in
geometrical optics approximation method., Evidently +this
current cannot setisfy the edge conditions. However, the
o-component of thisg current does not deviate too much from
a @=-compecnent of the true current calculated by the present
method. On the other hand, the deviation between the
8-components of the two currents ia large. In our opinion,
this deviation explaing why the geometrical optics does not
give accourate resulis for the diffracted field in the
shadow region. Although some attempts have been made to
improve the accuracy of this approximation by adding ring
currents on the rim of the reflector (5] , it is diffecult
to find a puysical interpretation for this additional
current, We expect that the true currents calculated by
the pregsent method will give the exact field distribution
in all regions of space. Pig, (3) shows the results of
computing the secondary fileld for the pregent case of
Ka = 37. The totel field is obtained by adding the prim-
ary field of the feeder to the secondary field shown in the
figure. In the front region the contribution of the primary
tield to the total field may be neglected since the feeder
ig orlented such that its main beam is directed toward the
reflector. In the shadow region and near the axis of the
reflector, the primary and gecondary fields add almost out
of phase. In the case of a parabolic reflector, of appr-
oximately the same size as the present spherical reflector,
the tield at & =7T¢ {(on the axis pehind the reflector) is
found to be (-40 db) relative to the main beam {3} .
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Ancther advantage of the present method is that it
gives directly the tangential field over the complementary
surface uging equation (17). The results of these fields
are ghown in figures (4,5). These resulis give an estima-
tion of the fields in the near zone of the reflector. They
can alsc be uged to evaluate the far zone fields using
appropriate integral relations using equation (7) .
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