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BOUNDARY ELEMENT ANALYSIS OF TRANSMISSION LIN ES 

FOR TR ANSYERSE ELECTROMAGNETIC WAYES 

Dr . H2:mdi A. EI ~Mikati'" 

E • I 

Abstract - The boundary e lemen t method IS used to compute the c haracteristIC 
impedance and capaci tance matrix ot various types of transmisSIon lines supportmg 
transverse e lectromagnetIC waves. Mult1conductor lmes between infinIte ground 
planes are tl eated by combining the numerical solution with appropriate analytical 
representatIon of ttH~ potential in the conduct or- free region. Comparison is miloe 
with available published results. 

I INTRODUCTION 

Vartous types of transmission lines supportlflg transverse eh!ctromagne tlc 
(rEM) waves nave been developed and are widely used in high frequenc y commUnica
tion systems. Howevcr, only (e w types With stmple or I'lighly symmetric struct ure 
do have exact form ulae expressing the electriC cnaracteriStlCS of the line 111 terms 
01 Its g(!'QllIe lrlcal parameters. Considerable effort has therefore be en spent on 
approximate and numerical techniques including. for example. approximate con!on nal 
mappmg med10ds [1-6\ vanational methods [7J, Foutler transform methods fSJ . 
finIt e dIfferences (9], nJmerical methods ba=d on Gree n's funcllon integral equation 
approach [l0- 15l. ... etc. A consIderable body o f literature has accumul ated Ifl the 
la~t lew decades ;lnd H 1i1eratlJre review rna)' be lound . lor instance, 10 re ferences 
[1·I5J. 

Recent ly, the boundary elemen t method (BEM) has been introduced and 
ef[jc ient [y applied to many potentia l problems invoh'lOg Laplace's equation lJ6J. 
Beside Its ability as a numerical method to deal with quue a rbnrarv geome ltlc 
structures, it IS ol,en more memory-economlC as compared with Its fl"al finite 
dJ!ferences and fmlte elements methods. ThIS advantaGe is due 10 the fact Ihal 
the Uc/ll {:ontlnes Ine ",nalrsl:; o j a homogeneous domain to the boundanes of the 
domaJn . and so the problem is m e ffect treated with one less dimenStofl. Anotl1er 
ad" ... nta:;e of the 6EM is t hat , unli ke o ther techniques based on lfltegral equatIOn 
fo rmulation, the SEM does not require a knowho:dge Qf the Greell'~ functio n o j 
the part icular i'roblem under conSIderation; the BE M form ulatJon II1volves onl " 
the free ~poce (unbounded) Green 's {unction, whIch for Laplace's equation is the 
well known logaTi th mic potenti al. 

The present work has, therefore, been set to ma ke use of the BEM as a basis 
for computer code {sl suitable fo r use on <l relati vely small computer system i:lnd 
llppllcable to iI. ""Ide c lass of TEM·tranmission lines. These include 

J. Mulllconductor lines in free space or inSide II tubular conductmg sheld (boxed 
lines). The famIlia r paralJel~wlres and coaxial h ncs are typIcal examples of 
this class. 

2. Strip lines conSIsting of one or more stnps arb itrarily located between two 
parallel ground planes. 

3. Shielded microstrip lines (either boxed~line or a mlcros trz p o ver a subs trate 
of finll e width between two inlinlte grouud planes). 

In all cases, the conductors are assumed 10 extend in finite ly, paraliel to the z
axis, but the ir cross-sections in the xy-plane ca n be o f qUIte arbI trary shape . 

.. Departm<:nt of (1~{'lronl{, Eng" Mansoura Universi t y 
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II PARAMETERS OF MUl.. nCONOUCTOR TEM-TRANSMISSION LINES 

Thu work IS conce rned wlIh the ~"'Ompu, a lion 01 the dililrlDUled pararneleu 
Icapacnarw:e and induc tance per 0011 length) as well Ai the characte"stlC adrnjuanre 
.uId coupling c_Uicl~t5 for TE\\- trarumluion lines. For the sake 01 generallty, 
we >hall dMUme I muhlconcluc1or ''''e. It I ~ well known thiot l )",e ~llal pIIrameu~rs 
01 ~uch a lll'le Me the elemenu of the Maxwellian c.~CJl.>nee mlltfhl C, from 
"'~Ich the cI"1ara c t~ lnlC ildmHlallCeS for lhe various operl.llf'lg TEM modes And 
the couphng r.oelfiClen lS Cat'I be eMily oblloined ( 11.t ,! The capoocitOll"ltt matm, 
" deJined !I~ 10110 .... ·1. Conslde!" a Iy.Item 01 n-con<lucton Iplus ground! with ~Ienlla' i 
V. '1'2, .•.• Vn • and lei Q,. Q2, ... , Qn be the C(lrre:spor-odh'g IOTal chll(g~ per unn 
l cngt~ on thl:l conducIOU. The pulen lllllt .nd chArges ilIC Ihen rdoned by 

0, e ll C t2 . e'n " 
Q, C

21 ell • C
1n " 

• . .... .... ... ( I 1 

°0 e" Co2 ' • • Cnn 
, 

0 

Rec:,prOCHY and conservition of dlarge implv IIle foltowiog knowl! properlte, of 
the d.,'net1H of the C· matri,. [J".D~ 

e ll . C
ji 

C il > o. C
iJ 
< 0 i ~ J • C 2 J 

lei, ~ 0 
The equlllit)· I 'gn '" the loUI e-qua tlOfl holds lor II ' clo""d iv~tem' , wner" tl"le ,ummlltion 
runs o_er II"Ie gr(l~ conduclO( . Thl' l~ lhe Col"" , lor lI'lU AIlCt , (If II boll"" hne. 

5imllil/" l ~ DOe elln defin., 1M .... duct .. n<;e maulH L wh,ch r~latcs the ""~"ii 
.\0(1 currents in The varIous conductors. II c~ be ) '"Iown thaI. for a S~~lem 01 n 
conductors in a nol"nOgeneous fl~j \Jm 

LC ~)J . I 
wh.,re J IS the .... it mon ril( o f Of"de r n and u and • Me (I' thl: ",.,(h"m, rC5peC"t iyely. 

... ( J) 
th" pet" me~cillty lind p.,rmhivny 

rhe charicter lst ic "dmltlanC.,s ire a.lso relldt ly obtained from C [II). I! bul 
:I sln.llle condlOClo( I~ In volY~d In ~ I) . 1tJ.. Idmlt~e is g,ven by 

Y . .. C . (~ ) 
wtlere " Is the phue v.Joci ~y of TE IA· wayes In the surrounding medium. In the 
un Of :I mlcroltrip OVe/" • die 'e!;t r tc ,u"trllte 

Y - Icd l Co Yo .j } ) 

.. here- Cd IS the I: /l P'l'Cltal'lCe per unit lencth o f ltw: llCtUAI m'Cf05tnp Jtruc t ... e 
I/ld ~ and Yo are the CapaCl lllrn:C arnf char.ct~JSIlt: IIdmilt:ln~-e of the structure 
.... "h air AI dielectr iC. 
\\'h.,.. IWO condUCtors are jny()l~ed (n • 2). tl'lcre are tWO bas iC nwxfes o f opc!"a lJon: 
1l.'"I odd mode {V, • t, Vz" · Il, and .." " ven 00.. IV I V2. I). From OJ, tho! ecru-
5pond>ng 101aJ chaq;es arc 

Qiood = C ol . e ,l = 1.2 

Qieven "Cd .. C,2 . .. { 6 ) 
n it line .dml1unces lor Ihese modes " re . Ine, .,l ore , 
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i of a pproprrate product s o f Greco's functions and the interpolation polynomials. 
Detailed expressIons for the various quami t les and met hod of computat IOn a re 
given, for instance . in reiernce [ 16 1. In matrix fo rm equation (12) becomes 

H u .:: G q . . . (J J) 
T T 

....... wre U .:: (uI ' u2 ' ... , un) and q = (ql' Q2' qJ . MatrIces G a nd H depend 
solely on the geometry oJ the regIOn R, whlre vec tors u and q comprise the values 
of the potenua! and 11$ normal derivative at the boundary nodes oj R. Some of 
these values are gl\'en fr o m t he boundary conditions or, in some cases. can ~ 
deduced irO lll the .symmetry o f the prOblem if any. The rema ining boundary value s 
are ob tained by solving t he linear sys tem (1 3). Next we consider some numerical 
examples with known ana lytical or fl1J merlca / SOlut ion to compare With . 

IV NUMER ICAL EXAMPLES 

1- ~o~ed Lines and Open-wln~ Lines 

The BE~\ r qua tions in this Case a re set lor t he region oUlSlde t he conduc tors 
with The pa t h o f Jl) tesrat ion a s shown iu Fig. I. In the case of a boxed-line. the 
outermost boundary 8 0 coinlc ides with the mner surface of ~he shield. Howe ve r , 
for a s),slern o f conduc tors to free-space , Bo IS taken to be a CIrcle o f infim tely 
large radju~ . Assuming that the po:ef'ltial is regular (zero) .it infinit y, Ihe con tribu
tion o f Be to the line inte gral vanIshes in the latt e r case and the palh o f intcgra
lion is con fmed to the conduct !flg boundaries. 

Table \- 3 present the capacitance o f a coaxia l sys tem util iZing conductors 
of both CIrcular and square cross-sectIOns. The BEM results a rc compared with 
those obtamed by Lin us ing con formal mapping technIques (~ l. In ca:)t: I these 
techmques give an ex:act r esult , whi le in cases 2 and 3 they give o nly uppe r and 
lower limi ts fo r the c haraCteristic impedance . The BEM values lie WI thin these 
limits and Silllsfactory agree with the e xact values in mOSt cases. Abo the BEM 
hal been used 10 compu te the characterist iC Impedance whe n one 01 the conductors 
(0( both) is rectangular wit h it s di agonals ti lted a t an arbitrary a ngle with respect 
to the o ther conductor. Such results a re u~ef\Jl . for example , whe n the structure 
is used a 5 a coaXIa l re fl ec t ion Mandard (J OJ. 

Table " gives the capaci tance ma trl» and Ihe 'odd-mode c harac te ris tic Impe<!ance 
01 a shie lded two-wire line . The ac<:uracy 01 the BE M results arc ra ther satisfactory 
as may be seen by c hecking the properties of the capacitance coe Hicients (equa tion 
(2) ) and by comparing the computed values of the charactt!risllc impeda nce wi th 
tho:loe c alculated from Ihe well -known analytIcal e xpre3sion [t s l. 

Table !i g,ives the capaci tance ma trix 01 a two-coduc tor boxed strip line com
puted uSing the fini te- dif ference me thod and the BEM. In the firs t ClUe, a mesh 
size oI IOOx20 IS used and the corresponding system 01 linear equations is solved 
using a succe ss ive over re laxation technique . \Vith the BEAI , however , a total of 
100 element) on inner a nd oUler conductors have been found suff icient to give 
results 01 comparable accuracy. Such a (e latlve lr smaJi grtd size can be eaSil y 
handled on a moderate compute r sys tem using , for instance, a Simple Gaussian 
elimina t ion algorithm. 

2- MuJt lconc\uc lor Lines Between Para llel Ground Plalle s 

ThIs Iype 01 trans miulon lines IS an example of potential probJem~ whert the 
boundJ.ries involved ex tend to in finit y. In boundar y elemenlS , a s we ll as in finite 
e lell'lCnu analyses , these infinite boundar ies have been dea lt with in various ways: 
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~"npl. lruncOI;"", ule o j i,,/inlte clemc:n!~, Of by co mbm; n@ ntJ~"'''c.l1 n,.,tt.td~ 
.... lIh "!lpropr late IIn.lytlcal 0fI"'~· . SImple t,urt<:a tlOfl . by Intreduc lng end ""U~ II 
fa. eno\l!Sh d,.tanc". red~s t he problem to ~ of lhe I)'poe cOfl " ,joorl~d In tile pre>l :oo..1 
'ubser.l ..... ' bu t e~ e" lu.LJl r UlCtUSe5 t he melh Sl~e . Also , I NIl boeer> 1<>tII:! "hat 
IhI: , ,,"ulu dc!po!nd 00 ""hell'1oe' Di'lehle l ' or N.,umann's condltlf~f1 b ~ 0"1 
the <llltI,II('IoI' end ",.11 [191. On the (li her rtiJrd. t he use of ;lr1 e"'~1 shapP. f~lt<n 
Htc'Wil"1 10 I1Ifl1'll ry Ind illClool"8 .o1ll c~pont'nlla , dec.y dex-. nol ,"""I~ " f'I\K" 

oncr"OI$e of t~,e numMr 01 elemO!lll.~, but In.. choice 01 me u te 01 ""pone'"~l 
Yecay II JO mew hal arbmary a nd mi.y a Ueel Ihe ' '' ..... 11 [20], 

ThOll Ihlrd olppr~eh. Ihe one adDp l~ her" , conl lsts '" th" tellow.". "'. Ioho .. " 
in I"" j,!Urtl accompnnv'ng T<tb11!S j and 6. lhe ""Hre do~n bel .. ""n "'" grQo/.."Iod 
pl"''''S 11 dlYIdt!d 11'110 1_ I'''' U: an Inlerlor resion I enclosing the conIIUCIOf' end 
boWlde<:l by 1111 reo;l ilIll\uJ ...... onto ... f\ . ~ An ouler ,e&1OO U 1!:<lr"",", to ;n!mlly. 
IMide Ihll laller homoge notQYI region Ihe flO1enl!aJ II ' t!pI"l!!efltcd bV 

u ~ r A". .., . p l -rr ..jKII L ) l inC m 1/ L ) 
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"hI!,e ~n is <III Itlllngu,ar p"lw l..-.cuon .... ,Ih • unn peal< .. II lOGO! r . ..nd uros I, 
no~ n. 1 ilnd n-I. ,elpiKl . ~el" The: 8EM M:' .. '.U_' a'f' 11"lI!', lormcd ,n I~I! ,,, .. I 
"'ay. Hov.I:\Il!r, !"lCe nel lher ,o.,e POT~T;..l1 not lIS nor,..,.! de"u"VI! h ,\)CellIi'd 
~Ionl lhe Intl!rlacc ,s !)e~'een 'q! IOOS I .1lCI II. ,he ..... mbef of unlmo_~ "'''',III 
1!.1;ft"d the ..... mber of BE\\ equ./lilons unl,," h .... ;~e' e!lOU8" , elllliOl" ;;.e1 .... l!'I!'n I ... 
"a,llble. are p'o",d~. Th". ,~ <loot: by • ...... lc!I,'1S Ihe IoIJIUllOl'l1 III I rtoo f':<culor 
and "" .... 10' domalllS along 1\8. 

One nethod IS to lei the peren. ",I, a!ld I"",.r l'IOr rl'iJ c:.t" .. atl~s a. ,he !'IO(lal 
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The lincar relauon (17) betWe1!n the nodal values on the inlerface AB and the vam
shm~ of the polen!!al on the IIppe.r lind lower ground planes pro\lde a sufficient 
se t u l boundary condUlons fOt solving the BEM equations 10 the intenor region 
/I. 

ror Ihe purpose of comparison, we have applied the a.bove ~pproach to compute 
the ,.1p.;1C1I4tlCe m-lt rlx fo r till' structure SMwn ..... jln Table " bul With the end 
walb. removed. The results arc gl'len in the 53~ table together with the value:; 
ob,,,,ulCd by KdmrTl l ~r using a Green's function inH~gral equation technique [II). 
The IIEM gi ves Sllgh~!ly hiKhl'r values. presumably because we have aSSigned it 

very ~ lIiall {but non·zenl} thickrl<:U to the strips. This has been found computlonaUy 
more convement as it -1llollls Ill(" use of the routines developed for the buxt:d 1lne 
wrltl ,Ught modiJlcatlons and .lvoids troubles caused by Singularities at the ends 
of .JI I mfilismally thin Stnp (.Jlt MUgh In prinCiple these singularities Clln be dealt 
With In lhe manner discussed bduw), 

I able 6 presents another ~lCamp le taken from reference [I JJ whrch uses a Green's 
fuc t h'n mtegral equatlOO appro.wh tlmU"r to the one deve loped earlier by Ka mmle:r 
(I II. rile same e xample hu be.,·n .\Olv~ in a recem wor k using a moment . method 
(UJ. rhe BEM results are clo~'r to the r~ults of refrt:nce (n) than to trIOse of 
the IIIO/nen ' method in which Ihe ~r grolKld plane had to be truneateoi at a hnne 
Wid th. 

nnally, we prese nt in f l~, 2 an elCa mple of <In mfinltesmilly thin microstri p 
o",:r -I dielectric subst ra te 01 Imne Width; a practica l ca.se whose analY~ls has 
fec~l" ycd much less attent ion Ihan the inhnite·wldth 5ubstra, lC:" [ 21], The BEM 
anal \' I~ o f this problem is carr ll'd out in the manner outlmed abo\e With the Integra
tion jl~th taken as shown in Fi/.;. 2, The Singularit y due 10 the sudden change in 
bOUlll1.lry condi tion !H the ed~{· o f the mlcroSlrlp has been treated by reflnmg the 
me~jl near this edge and by Iblng a shape interpolation JunCtion proportional to 
the _'jUo1re root 0 1 Ihe djstanc~' Irom t~ edge, so as to .satlsly the edge condJ1ion, 
ThiS treat~nt of smgularities in UEM is discussed In detail in reference U2). Elamma
lion ,.f I/\e results presemed III Fig. 2 shows that, unlike the narrow substrate , 
the I\ [.M results lor the relnm'l"Y wide substrate do not diHer appreciably t rom 
the ,·orresponding values for .1 rnicrostrlp over an Infinite substrate reported In 

earh\·f work 0, 8J. The present melhod c an therefore be u)cd lor the ana lYSI S 01 
the , .. 1ini1e·· ... dd tn cas~, provldni the subS1rale IS trunca ted al an appropriate width, 

V CONCL USION 

lleslde ItS simplicity <1nl l .nemory·economi c character, tile boundary elernertl 
metl .. ..! IS capable of treating .1 Wide dass of transverse electroma.gnetlc lran!omlssion 
hOC$ \vilh £In lIccuracy compar.lble with o ther numeflca l and analyucal technIques, 
Prohl,'ltls of shielded st np and micros tr ip lines IOvolving in flOlte boll'danes elln 
be Ir" " I1.."1I by combmlOg BEM ,In.llysis with an appropriate expansIon of the potential 
In Ih" conductor free region llIIhout resort to infinite elements, 1he accuracy of 
""hlO:h tll.I,y dcpend on arbitrarr ,'hosen parameter. In principle, the present ledlnlques 
can ~x: apphed . to problems Ilwolvmg multilayered diele<: tr lC media. Assessment 
of Ih,' method In sveh appl i~.II\tlns and Il comparIson with other lechnlques from 
the l~lIH of view of accuracr ..lnd memory requirement s will be considered m a 
futu r.· $t udy, 
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m 
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E 
UJ 

-< 
J: 

o 

~ 

/ 

I <~-,-
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a I b 7.
Q 

( exac t) 1' . ( BEM) 

0.63873 2 20.0 18.519 
O.5~7r,93 )(l.0 29 .211/' 
0 . 11 64000 40.0 39.&53 
0.388874 50.0 50 .7 09 
Q.JZ310) 60 .0 6 1. 97 \ 
0 .232320 80.0 81 .846 
0. 168230 100.0 101 .226 
O. J 2! 2)7 J 20 .0 )20.86 'j 

Table I. Exact (reference [4]) and BE M charact eris t ic 
Impedance o f a coadal line 01 square Inner and yuter 
conductors . 
Number oj boundary elemen ts N '" 60. 

db 

0.239085 
0.399780 
O.44~150 

0.557536 
0.676602 
O. 
Q.93352{J 

T 
_
J1
0

1 

-~ 

zmin 

90.315 
69.199 
52.840 
39. J 39 
27 .OJ I 
15.878 
05 .2)8 

2ma..: 

90. 372 
69.319 
53.217 
39.999 
28.91 2 
19.563 
J 1.981 

z ( BEM ) 

0,1101 
9. 2':f I 
3. J 29 
9. 569 
7.970 
7.552 
7.650 

Table 2. Lower (Z . ) and upper (2 ) limits (reference 
min max 

(tl))and boundary elefncnt value o f t he cnaracteristic 
irnpedance (ohms) o f a coaxial line 01 square outer 
conductor and circular inner conductor. N = 60. 
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0. /0 
O. 2j 
0,)0 
0.' 1 
0.50 
0.60 
0. 70 

T (OJ 
1 
Z 

min 
Z 

mll :o; 

128. 10) J 2&. 106 
S6.}I'J 86.579 
62 .0~3 62. 396-
'/' .4 30 45.lo711 
30.2&7 32.737 
/7 . 557 22.!} 1 
02. 61 9' D .0764 

Z iBE ,\ I) 

12J.'J79 
S6.11 9S 
62.106 
(, 1!.740 
) J. 2'bS 
19.%0 
06 .010 

Table 3. l ower and up~ limi t s (re ler enee [tlJ) and BU I 
value o f Ihe charac leri stlc impedance of a coax Ial linc 
of circular outer conduc tor and square Inner conduC1or. N = 60. 

.-
I 

" oa 
J 

I 

Capacitance I\ lalrix C I Co 

R • • ,.0 2.005 h 
r = J.O · 0.7 653 

-1 .2399 

-0.7653 
2 .00:;4 

- 1.23'19 

-UJ95 
- J.2 395 
2.a 7'~<J 

Zo (ohrr'1) 

ElaC I va lue 27 1.1>2 
BE.\! \ a lue 27 I.S9 

.. --....... --.. . ----- -- .--.... _--. .. ----_._-------.. --' .. _--..... _._----
R = 2.0 
r ~ 1.0 

2.2992 
· 0 .5904 
- 1. 7096 

-O. 590~ 

2_2992 
- /. 7096 

·1.7089 
·1.70S9 
J ." l'J2 

Exac l value 2Ml. JS 
BHl valu e 26'j.!} 

Table 4. Cap~cl lilnce lna l rix i) lld odd mode cna r'l< f('nsyic 
impedance Zo of a shielded I wo~conduc tor l ine. (II ~ 60 . 
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meU"" 01 referene" {I I). N • 100 • 
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ell 6).1)7 62.'~ '~.21 

C I2 ·O ). !~~ ·0'.72', · O}.921 
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