Mansoura Engineering Journal

Volume 13 | Issue 2 Article 11

5-29-2021

A Theoretical Analysis for the Characteristics of Human Articular
Joints.

M. Zaki
Department of Industrial Production Engineering Department., Faculty of Engineering., EI-Mansoura
University., Mansoura., Egypt., mostafazaki8@hotmail.com

Follow this and additional works at: https://mej.researchcommons.org/home

Recommended Citation

Zaki, M. (2021) "A Theoretical Analysis for the Characteristics of Human Articular Joints.," Mansoura
Engineering Journal: Vol. 13 : Iss. 2, Article 11.

Available at: https://doi.org/10.21608/bfemu.2021.173226

This Original Study is brought to you for free and open access by Mansoura Engineering Journal. It has been
accepted for inclusion in Mansoura Engineering Journal by an authorized editor of Mansoura Engineering Journal.
For more information, please contact mej@mans.edu.eg.


https://mej.researchcommons.org/home
https://mej.researchcommons.org/home/vol13
https://mej.researchcommons.org/home/vol13/iss2
https://mej.researchcommons.org/home/vol13/iss2/11
https://mej.researchcommons.org/home?utm_source=mej.researchcommons.org%2Fhome%2Fvol13%2Fiss2%2F11&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.21608/bfemu.2021.173226
mailto:mej@mans.edu.eg

edansoura Engineeving Journal (MEJ), Voi. 13, No. 2, Dec. 1982. M. 33

A THEORETICAL ANALYSIS FOR THE CHARACTERISTICS

OF HUMAN ARTICULAR JOINTS
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ABSTRACT - A simple model of two parallel plates with reference to human
articular joints was suggested and studied in the presence of synovial fluid. Variation
of pressure, load capacity, time of approach, concentration of lubricant, minimum
film thickness and the effect of cartilage porosity upon lubrication, have been
investigated. The mathematical analysis was based on the continuity of pressure
and velocities at the interface of the synovial fluid film and the three car ilage
layers possessing different porosities. The study brings out many valuable and
important results which are in good agreement with earlier experimental observations,

NOTATION
a characteristic length of the bearing
A dimensionless shape and size index of micro-particie
B characteristic width of the bearing
h film thickness
he initial film thickness
f dimensionless film thickness (h/h)

HI,H2,H3 thickness of the upper, middle and lower layers of cartilage
kl,k2,k3  porosity of the upper, middle and lower layers of cartilage

k non-dimensional porosity parameter (k/h%)
LY/ i
L ha /1 12
N coupling nummber [X/(2u+X}]
p pressure in fluid film region
p non-dimensional pressure in iluid film region (3ph3/uva?)
pl,p2,p3  pressure of upper, middie and lower layers of cartilage
R dimensionless concentration index of micromolecuies
t time taken to reduce the film thickness from he to h
T dimensionless time of approach {2Wth!/ua’B)
u,v velocity components in fluid film region
v velocity components in porous matrix of cartilage
v velocity of approach (dh/dt)
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W load capacity

W dimensionless lead capacity (12Wh'/uva’d)
% x-coordinate

y y-coordinate

M Newtonian viscosity coefficient

X viscosity coelficients for a micropelar fluid
w micro-rotation velocity

. INTRODUCTION

The natural synovial joint is a remarkable bearing. It is expected to function
in the human body for a period of about sixty years while transmitting quite large
dynamic loads and yet accommodating a wide range of movements with extremely
low coefficient of friction (as low as 0.005) and low wear rate.

In recent years tribolegists have worked with rheumatologists, orthopaedic
surgeons and biochemists in an effort to understand the remarkable characteristics
of healthy synovial joints. For example, several types of lubrication mechanisms,
for the human articulating synovial joints, have been described: hydrodynamic
(1], boundary [2], weeping (3], boosted [#] and mixed lubrication [5). However,
it now appears that attempts to attribute a single mode of lubrication to synovial
joints may have been misguided; for they appear to enjoy all the common modes
of lubrication known to engineers {6] and perhaps some novel ones, in their varied
and arduous existence.

In synovial human joints, under loaded conditions, the load can be supported
by both the cartilage matrix and the sypovial fluid which exists between cartilage
surfaces within the joint cavity. It is known that synovial fluid plays an important
role in reducing both friction and wear of joints. Previous work concerning the
study of synovial fluid variation of viscosity [7), or describing it as non-Newtonian
fluid [8] have failed to ecxplain the reasons for the variation in size and shape
of the hyaluronic acid molecules which form the main constituent of synovial
fluid and the increase of synovial viscosity near the cartilage surface while the
joint is loaded. Therefore, in the present study, the continum mechanics approach
was utilised to dosenibe the nncroscopic events taking place in synovial joint.

In synovial joint, the bone end is covered with a layer of relatively soft
and porous articular cartilage. The thickness of the cartilage varies from joint
te joint, from one individual to another and with time. The layver of articular
cartilape is elastic and the effective elastic modulus is time dependent. McCutchen
(3] has quoted Young's modulus values in the range 10 -10° dynes/cm?. Another
important feature of cartilage is its porosity, which enables it to imbibe or exude
synovial fluid. Cartilage matrix is known to consist of three layers of different
porosities: a superfacial zone of thickness Hl, a middle zone of thickness H2
and a deep zone in contact with the underlaying bone and of thickness H3. Fig.
1. demonstrates the structure of articulating cartilage and the three layers.

The synovial fluid is essentially a dialysate of blood plasma with the addition
of non-sulphated mucopolysaccharide hyalurcnic acid which has a molecular weight
of about 10® . The viscous properties of the fluid seem to be dictated by the
hyaluronic acid melecules {molecular length of 5000-10000 °A). The fluid is non-
Newtonian with long chain polymers present.

The motivation lor the present analysis is to study a simple model describing
the normal approach of a rigid solid and a porous one consisting of three layers
of different porosities separated by micropolar fluid with a particulate suspension
whose concentration increases as the gap between the approaching surfaces decreases.
The suspending medium (viscous [luid) enters into the porous matrix of the solid
as the surfaces approach each others. The model has been analysed by taking
the continuity of pressure and velocities at the interface of the fluid film and
the porous layers,
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2. MATHEMATICAL FORMULATION FOR THE PROPOSED MODEL

At the fluid fitm region, Eringen [10) has derived the [ollowing equations
for the pressure variation of a micropolar {luid:-

dp . M du, dw ey
ax 2 Ty YTy

dp = vy Qw_2xw-x 34 -0 o (2)
357 dy? 3y

The boundary conditions beeing:

at y=20 v=v, uz0, w=10

at y=h v=V¥, u=0 w=20 (3}
at x=+2a/2 p=10

Within the matrix of cartilage, the viscous fluid in the porous matrix is
described by Darcy's Law:-

u = 'l}j' %—%’—- (i = [, 2, 3 for the theee layers of cartilage) ...(4)
and T o=k _(3 pi A5
M y

The boundary condilions lor the porous region becing:-

al x=+af2 p=-0 (i=1,2 and 3 ...(6)
- dp3 .

at y 3 - (H) + H2 + H3) a e -{7a)

X .d,Jz_' LY 2 .(7b

Iy ( }')y:-HL H { y)y=-Hl (70)

k2 3 2, k3 (a

e y y=-(H1:H2)” o vy y=-{H1+H2) A70)

The conditions expressed by eguations (7b) and (7c) result from the continuity
of pressure at the inner layers of the porous cartilage matrix.

3. SOLUTION OF THE MATHEMATICAL MODEL

To solve the mathematical model, the following assumptions are made:-
A} The porous cartilage layers are homogeneous and isotropic,

B} The synovial fluid lubricant in the porous region is an incompressible
Newtonian fluid.

For the [luid Iilm region, by dilfercnbating equation (2} with respect to ¥y and
solving the resulting equation with equatten (1}, we obtain:
9w 2 dw m? dp
- m = — | )
3y’ 3 ¥ 2p S x (@)

where

= | 40X ] = N
Y(2ZpeX |

N = w'(—L_), and [

2

n
~—
I~
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Solving equation (8), we obtain.:

¢l cosh iy + ¢2 sinh my - —%— ad—g - '—:\,\“r

1+

v

but «w=0 aty=0and y=h

T

therefore:
w = *&—; [ sinh mth-y) + sinh my - sinh mh J/ sinh mh +
m

1 d h sinh m _
9% ok | w1 +49)
Substituting the value of w in equation (2) we cbtain equation {10) as follows:

du _y. d him dp sinh mv_ Al 2 sinh mh - Dm sinh m (h-y) - Dm sinh my-

0y - dx T2 g dX sinhomn m? sinh mh o)
LA
where
p--2 . XYm
m ¥

Integrating equation (10} with respect to y and using the conditions of equation (3) we

obtain :
A = Fihy .92 L)
dx
where F{h)= hm? DV -coshmh)-«[h-{2ki/h) ] sinh mh
4 D { cosh mh - t ) - h sinh mh
and o =Y . 9 _ K d ,Dh(l-coshmy) dp
2. dx M dx o 2u sinh m dx
[ 2v sinh mh + D cosh m{h-v}-D cosh my - D (cosh mh-1}
N F{h)‘g‘% ! e sinn i : )
412)
Applyuig continuity equation n the porous region to equations (4) and (5) :
The continuity equation .Q_‘_I_ » 6 v =0
¢ X y
we obtain:- Al pi=0

i.e. the pressures in the porous region satisfy the Laplace equation. Thus, pl the pre-
ssure in the upper porous laver of thickness H1 satisfies the equation:

%L‘E—:‘ + gz_y%l =0 wa(13)

integrating equation (13) with respv-t to y over the layer thicknesses Hi, H2 and H3
and using the conditions in equation (7b), we obtain:-
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For the upper layer of thickness Hli:

(2! FARYY k2 dp2
(35 a0 7 i 'SEPd’”' Kl [32?) ye -HIL 014

For the middle layer of thickness HZ2:

-H1
3 p2 B ip2 K3 dp3 (15)
(-5_%) y:-HI--/ a x’ dy K7 (5 y )y=~{Hl+H2)

-(HL+H2)
For the deep layer of thickness H3:

AH1+H2) 3
3 p3
CFT et o) = 'j(H1+H2+H355‘ T ~(18)

From equations (14}, (135) and (16} we obtain:

bpl ob kh Hl &'p2 (H1+H2)® p3
{ g ) _-Hl FE_,dy_ —5—Erd - j g—gr)‘( ay = AL7)

-(HI H2) -{H1+H2+

ti the layer thicknesses HI, H2 and H3 are asswned 10 be small, equation (17) could be
reduced to:

S pl . K2 k3 o’
(ﬂ) o f - L TH H2Z e S HD X‘XE’ L)

It is shown by Srinivasan [11] that (or the case Hl—0, H2—0 and H3-—0, equation
(18) is valid exactly. Therefore, for small values of HI, H2 and H3, i.e., for the case
when the porous layers are thin, this approximation is not likely to cause significant error,

A) The Pressure Eguaton

From the equation of continuity and equation (18) we get:

x

8 " &2
ﬁ_{)udy: H —d—Ez ¥ -A19)

where
H = [ HI + (&k2/k1) H2Z « (&3/k1) H3 )

Integrating with respect to x and using the boundary conditions (3), the pressure is given
by:-

.5Vat (|l -4 x¥ a*)

P - - = ‘.- @ o (20
h[h?s (8D/m) ¢« & ki + {12 u H/R) - 3 Dh coth (mh/2) ]
The non-drmensional pressure distribytion is given by:-
F o= | -8%? (21
FIR A LRGN
where —
x = Xla, Bl = kl/ bl H=GHI/h,

G =1+ (k2 HZf k1L HI) + (k3 H3/ k! HI)
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FR, Hy LKL, N =R ¢ L L kI, Hy N NLR
’ U eqrm wqr (70 ) - 2ot 570
B) The Load-carrying Capacity
The joad-carrying capacity of the joint is given by:
af2
weu f P dx
~af2
W = va'ld +.(22)

h L h'+ (6D/m) + 6 kI + (12 uH/h) -3Dh coth {mh/2) )

The non-dimensional load-carrying capacity s

_\'v_' = | -(23)
F b H, L, K1, M)
C) The Time of Approach
The time of approach is given by:
h
t = j Jh .(24)
t, v

The time of approach in non-dimensional [orm for a particular load W may be obtained
as:-

2 W thl I I dh
s nee 0 [ FRWLEW +(29)
h

For a non-porous configuration, the non-dimensional pressure distribution, the load
carrying capacity and the time of approach can be obtained by substituting kIl = 0 in
equations (21), (23) and {25). Similar expressions are obtained by Prakash and Sinha {14]
{or non-porous systems.

b, RESULTS AND DISCUSSION

For numerical computation, the following values for k!, k2, k3, 11, H2, and H3,
based on previous data [11], for articular cartilage, are taken:

klfu = 3x|0-|3cma!’d);ne.sec., k2/u = 6x10'|3cn!i‘,"dyne.sec., k3/p = 9x16 12

Hl = 200 microne, H2 = 0.2 ¢m, H3

u

0.28 cm and u =1 poise

The value of minimum film thickness h_ is taken as !0-3cm 113} which is in accordance
with hydrodynamic lubrication theory. Thus, kIl is equal to 0.3 x 10°%, The effect of
of some parameters has been presented but the values of P, W and T can easily be obtained
from equations (21), (23) and (23) for other values.
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RIGID PLATE M@

PORQUS MATRIX|-

RIGID BONE

Pig. 1. Articular cartilage model
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Pig. 2. Non-dimensionsl axial pressure distri- Fig. 3. HNon-dimensional axial
bution for different film thickness. i ent v :: opr‘t;-_;ssure
t;1=0.3x10'5, Ni=0.7, L=6.0) © igg :ii:eind;x Ef ?;‘=§.3:?ggs,

N'=0.7, R=0.5}.
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Fig. 4. Non-dimensional axial pressure for Fig. S. varjatlon of load carrying
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In Figs. 2 and 3 the vartation of non-dimensional axial pressure is shown f.-
different values of film thickness, shape and size index. The results in Fig. 2 are
supporting the fact that the decease in film thickness increases the pressure. In
Fig. 3, axial pressure displays a decrease with the increase in L. In addition, in
the same Fig. 3, L— oo corresponds to a Newtonian fluid, which confirms previous
findings that the non-Newtonian character of synovial fluid is responsible for higher
pressure build-up and load-carrying capacity.

Fig. 4 demonstrates the effect of the porosity of the superfacial tangential
zone upon the non-dimensional pressure distribution P. It is evident that porosity
decreases the pressure. The pressure build-up declines very quickly as the porosity
increases. '

In Fig. 5, it can be seen that the load-carrying capacity decreases as L increa-
ses and it is least when the iluid becomes Newtonian, i.e. L—==o,

Fig. 6 depicts the increase in load-carrying capacity with the increase in
the concentration index of articular suspension and it is minimum for Newtonian
fluid {N? = 0). The influence of the porosity of the superiacial tangential zone of
cartilage upon the load-carrying capacity is shown in Fig. 7. It is clear that the
porosity decreases the load-carrying capacity. Maximum values for load-carrying
capacity were obtained for non-porous configuration.

From Figs. 8 and 2 it is seen that the time of approach increases as N increases
and L decreases. By comparing the cases of porous and non-porous situations, it
can be noted that the time of approach is greater for the non-porous case, which
is obvious in view of the fact that the load-carrying capacity and the pressure are
smaller in the porous case. Furthermore, the calculated closure time increases
as the gap (h) decreases which in turn increases the concentration of the suspended
particles.

In general, the present results are in agreement with existing evidences and
support the squeeze [ilm lubrication mode as an nnportant aspect in the jubrication
of articulating synovial human joints.

5. CONCLUSIONS
From the present theoretical study the following conclusions can be drawn:

l. The decrease in {ilin thickness of synovial fluid in the joint results in an increase
in the pressure generated in the fluid, The non-Newtonian character of synovial
fluid is the main cause for the build-up ef high fluid pressure and load-carrying
capacity.

2. As the porosity increases in the superfacial zone of articular cartilage, the
pressure declines very quickly.

3. The porosity decreases the load-carrying capacity which is a maximum for
non-porous configuration.

The closure ume of the joint gap increases as the synovial film thickness decreases
which p-oduced an increase in the concentration of the suspended particles
of the synovial fluid.

5. The results indicate that squeeze {ilm lubrication in articulating synovial joints
is an essential feature in the iubrication of these joints.
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