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AR~TP.ACT : 

An accurate "no~ledgp. ui' magl"lp.tDstilltic5 Oil;, wp.ll -". othp.r fiE"ld 

di..tribution io electrical ftiachinp,> .'" 0-4' great imporl.!IIH",e in Clel;,lgn 
optimi~ation. The search activity in thq past two decades has 
considerRd the nUQlerica] r.lnr.ly"iis ~nd cO!JlcLI1 .. tiorl nl ,..;a,gnp.to!:Oteti<: -fi""hl 

in electrical .' .. lchinery through the soluti on of t1,.."",ell's equations 

IIIhiIe t .. fo:inq i'ull account of magnetic saturation. This solution 0-1' -4'ield 
problplI\ i5 limJted to simple geometric shapes of th~ region oi' int~re~t. 
Concppts o~ both scalar and vector magoetic poteotj~l have b~en used for 

comrlllting i:he maqtlelust .. ttc fields. Numeric .. l app .... oaches involving 

finite-element method , finit~-difference method ana jnt~gral equ~tion 

techni qulil' m.~ he 'JIOed to eval uel ... sUl-h ~ i 81 ds. 
~ .. 

In electric.!) machines, the flux distriblltjnn r<>quir .. d i!> that :in CoII(-· 

around c:ul'"r~nt c~rryinq windings. Ccn'!';('quenUy t:hp. p<3rt1.al differential 

equation such dS Laplace's equ~tion i'or the behaviOUr 0-4' m~gnetDctatlc 

-4'ield!lO is flot valid within current carrying conductors. Within the 
conductor there 1S no ~efintiDn in the iinit~-diiference m~~h. It is 
hcwevQr pOG~ible to uerive another potential ~unctio~ insid~ the 
current-carrying regions which do not satisfy L~pl .. ce·s equation 
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tnrOUQhout the ccn~ctor • but enabl~ the ~jeld problem to be ~olved and 
allo" calculation 0": lQ",gni~tic ":ield strength and flu:, d ...... &.lty. Thee .. 
Equations af":~ct a &olution of PO(GGion's equation "hich d09S hold in
side a curr@nt-carr~ing region but only ":or vector magnetic potentials. 

This paper pr~ents the development 0": finit~-dif":erence ~ethod ":or 
SDlying thr .. e-dl~pntjnnal scalar magnetostatic pot~ntial in and around 
current-carrying Mlndings in electrical machines. Consequently, an 
approprlat~ ~ieJd 6DUrc~s and the ar~ature cur~ent distribution in 
51gtlea ~ectiDnS and Oy .. rhdn~ regions are easy derived. 

1. I H!1!ODUCTI ON ~ 

~e ":lu~es in the end regions 0": electrical machine are generated by 
>Ii ndinos whose end-conn~cti ons are of compl e): shape, and thE'se generate a 
three-dj~ensional flu~ Pdtt .. rn who~e computation is 0": incr~a~ing 

importance in linea~ machines dnd si~llar cases. The ~inding {nrces 
can satisfactory be predicted by numerical jnt~gration over the current 
elentents, Dut this io;; !lut well sui~",d to tho. prohlem of field predic
tion in and around the 5~rrounding ~aterials- Differential methods are 
th~; more convenient , pr~":~rably in terms of a scalar function since 
tt.!" .. agnetic vector potEOntial has three COmI'On .. "ts_ In pr"c~ic, tt.,;. 

compJe~ity of the ~nd winding and the need to specify tl,ree comlJDnenls 
of the current density vector mdkes it ~ifficulL to provide a sUltably 
si mpl i fi ed model to deseri b~ tile E'l1tJ-m nlJi 11',1 "nd henc: e lhe ~cal er 
pot ent i a I -f i ~ 1 d sour c P-S ,,.f Ii L Ii A'.., d '-r I v FlU f r (1m it. 

1='0' nrany p~\r'lJn<;p~, it i!-i conveni Fn t to compute the f i £'1 ds inter ms 
of travelling wave5. Th~ com~utation of the sources of each ~ave 

compcn~nt ,in numerical terms, demdnds firstly ~ a simple description of 
lh~ ~urrent di~tr!hutio" in t~_ rpgion of current earring Minding, such 
as slotted gections dnd the over hang region, secondly an insight 
into the various ways wh,ch it can b~ tr~ns/ormed. 

The p3p~r prE'sent~ a development of finite difference method for 
solving three dimensional scalar m~gnetostatic potential in and arround 
current carrying windings, This development e~a~ines the general 
problems of translating COJfJple~ cur~"/lt djstribution i"~o equivelent 
nOdal sourceg for a numerical scalar potential computation by ~inite 

difference method. The ~ethod is applied to linear synchronous ~achine 

end region and illustrated by field solution. 

Po. T1I£ HASt C AJiALOGUE: or 51 HGLl: 1I0DE : 

The FDN places the nodes dt the corner of cubes, the cube has t em 
length. Each Of the si~ elEOments connected to a node is taken to have 
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unIt permeance unless an iron boundary is 
the reluctance is proportiDn~ly small. 
potential is ytven by~ 

less than 1 cm d19tance 
Thus, in ril;l.i the 

III 

WhPr. P 1~ the magnet~~ scalar potential difference between different 
po~nts and denote~ the magnetomotive force Nhich e~cjts betMeen these 
points. In th~ c~ •• Qf a h~lf pole pitch region in an electrical 
machine. the three dimensional mesh is likely to ~ave sever61 thDu~and~ 
of branches, therefore it is solved by raprvsenting it tn a ~Dmputer and 
applying a technique knONn as successive Over re]a~ation [SOP,). 

Rela~atlon of a network conSists of treating all nodp~ in ~~quence ol 

une nOde at a time. Jf the left hand side of the above ~quatton is 
evalUated fer an arbitrary cholse of node potentials. a quantity not 
Qqu~l to z~ro _ill most li~~ly .result. This is called residu~1 and is 

proprtional to the total 41~~ converting on the c~ntral node. The 
residual ~t ~11 nodes shDuld fur buccessiv~ iteration (one calculation 
per node far all nod~sl be very small compar~d with fluy. passing through 
any one ~lement (they should ideally be z~ral. If the potential Po is 
adjusted after each iteration the residual for the node can be reduced 
to tero. By treating nodes one a ti~e. mriny time~ Dvor,the su~cebsivw 

adjustment!! cause the residuals to gradually diff'use aro~nd the mesh to 
be .bsorbed by the boundaries of a constant potential. This is callp" 
successivw rela~tlan. NOM the residual R is given by : 

(2) 

Adding a qu~ntity of RIb may reduce the residual to zero. Adding a 
Quantity ~R/b • if ~ is greater than on~ • causeg a greater change.Where 
~ affects th .. c::onv"rg~nl:e of tilt!! suI uti on. Higher \lalues of " imprO\l12' 
the rate of convergence, but if too larg~ a value is used instability 
and osci 11 ati on may resul t thm-Qby preventi ng ..:orwergence may b", 
obtained [st. 

"t'· 
3. CURR £JfT OJ STP.l BUTI OR 

~ useful method is described by Carpenter [4J ~here the electri~ 

circuit~ (the current carrying region) and the magnetic cirCUits (th~ 

com~l.t. filed including the space inside the conductor) are initially 
torn apart. This is illustrated for a rectangular conductor jFi~ 2a) as 
fol10 ... s. 
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(~) Tho ccnduclur Is torn fro~ the mesh circut analogue In the dOHn
ward dlrel:tlon. 
(Dl Br~nch sources of potential 
in the tearino prOCQ~~ f equal 
pas,ed thrOU~h the branch. Th~ 

is nrbitrary , see Fig.2O. 

are 
to 
path 

Inserted, .nich have been brokQn 
the ampere conductor which have 

of Mithdrawn ~ any ~~ductor 

(c::l ThE branch sources ar .. convertl!'d tu thei,. 

3a and 3b). The fluX source values are si~ply 

Norton 
added 

equivalents (Fig 
to th9 rQ~idual 
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caltul~tpd at thw nOde dUring r~laxation. The conductor has 
collapsed to from a cUrrent sheet on thp iron $urla~e and the branch 
sources have been retained to dafine the fi~ed potentials. 
ttl) The relaxation J'lrClcesos is tn .. n e);E!cl.lted resul Hng in a non-zero 
diver~ence field solution. (The solution is valIn ~v~ry~here ex~ept 

within the origindl conductor ~ectionl. 
rel ThQ introduction of flu~ ~ourcP~ Qbyiously ~re.te~ a fieJd of 
non-zero divergence. The potential function now defined within 
the conductor rlitprcl:>el'lt:s a field ",h1c;h l$ grOSsly distorted. 
The field outside the region converted by flu~ sources !s currectly 
defined by the normal ~agneto5tatic potential function but Hithin the 
conductor, tOrTecti~e f]eld~ oJ opposlt~ Divergence mu~t be added to 
those calculated from the function. T~is complementary field is defined 
by br~nch source~ as Shown in Fig 4. This method Kas used si~ly to 
represent the field and ar~ature "'inding~. In th~ case Of the latter 
the ~inding is 5i~plified to a thjck current sheet ~ith com~onents in 
axial (~) ~nd trangverse (y) d~rections. The currents are assumed to be 
uniformly distributed in the (2) direction for dupth of thti Minding. It 
Is not pOsslble to define separate current distributions for the top and 
bott~ layers Qf the Minding without both aestroying the symmetry and 
the need for a ~sh of twice the ~ize. The windinQ is _ithdrawn from 
th~ ~a~h by col16p~tng the ~"d turns <over-ha"q) into the sides Qf the 
centre li~b (~tg 5a.5b) thus formin~ currunt·she~t~ alon9 the slot ~nds 

rather like the end rings of a squirrel cage rotor. Flu~ sources appe~r 
on the upper and lo~pr ~urface 0# the ~inding. Th~ complementary fi.ld 
is applied between the two layers of flux sourcp~ ~nd has a compon~nt In 
thG I direction onJy. The ma~nitude~ of flux source are derived as 
follOllls: 

t'" 

a thick current sheet, 
in the (~) direction. If 

Thp &rm~ture winding lS represented by 
assuming that current is Uniformly di~trlbut~d 
thw Winding ha.s short chorded (:011 s of pi tch 
bE!t~een the two pClaks. of curre<1t 1 cadi ng in the 

Cp the displace~ent 

top layer ~nd bottom 



II.:irlOl1 iHJui yal enl. Df bl''''''f!h 
511ur~p. 

ri ~'. ( :31)) 

rj!'.(4) : TlL~ ctJ'~l'lelllli!nl..ar1 rield h.-",Ine" 

• "1!II"" i I.l! eli 'ierrl'l!nn@, 

;'h-,n",I) I~ t. nu('r.1l ~ rep! i\~ ed by 

Equl~~I~~L nn~el ~Durces. 
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x. 

f' 
,

/ 

/ 

Arluoelur" .. i ndi nc i''' ill Lhi "I: ""rr",,l ,,"'" I! L, 

Curr"nt sheets Flux 50uree 6heets 

r:r.d LUl"n-s cDll"I1~('d Ln r",.", ...,u .... r~nL .tw .. t.~ and nodilol s 

r 1 u:.o: 5 t!Ui'ce 'i in' er!.e d. 
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layer _inding& Nill be I 

4 ." 1- CCp'p) (3) 

Whare ~ is coil pitch. p i5 p~le pitch. 

If the peak current loading .i~ J o • then the current distribution in the 
6lotted region is illade up of tNO CIl8lPCltlent&: 

(i) due LD uppwr .IDL CDaducLor. 

(4) 

(it) due LD lower IIDL cAnducLors J 

... 
J 

J s2 (,() = + . C05(n~ + +) (5) 

The total current loading is the SU~ o~ the pre¥tous t~ components and 
Is gi¥en by 

cos 4 -r 

Hence. the magneto =otive farce ••••• f •• of the ~lDtted section is gi¥en 
by ; 

.. 

unlt& 

For the direct a~15 ar.ature field Nith its peak •••• f. caincide5 Nith 
the pale c.ntra Cx ~ 1) and varyinQ sinusoidally tD zero •••• f. at tha 

h.lf pole pitch mesh CX9P'2 + 1) • The FD" solution represent~ a¥~ a 
quarter Of a full m ••• f. Nava. Far the direct axis, the m.m.f. equation 
Is ; 

Fs Cx) a 100 • CD&+ . sin ~.«~ +l)-x) (8) 
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For quadrature axis field. ~lth %nrD ~.m.1 •• ~orre&pondlng to the 
c&ntra t. ; ,1 and ~arying sinu&oidally to a paak •••• f. at the 
pole Pitch (. = p/2 + 1). the •••• f •• quattcn 1. I 

F s h) - too - cos-;.- • ,;ot,. ; « lI: - t) 

3. a. JtaG!'!"a "'''1 •• "ore .. I Ii OY.rhal!C Sect.taft t 

pole 

haH 

(9) 

In the o_hanfll th., top lavor conductors 101111 be anql ed forw&rds 
( ... X direction) and thB botto. layer conductor wtll bo anQled 
backwards with respect to tho a.is (x) of the stator • 
At a point pCx,y) tn the overhang Is .. Fig oa) thv tOp laygr produces 
the foll CMi n'!iil eurrent s. 

(10) 

(lU 

and the botto. layer Nill contribute; 

« 12) 

J~2 (K + a) cot a 
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".. 

J
lI 

(x.y) '" 
JeCe CD§C!!!.- 4 "YCE! ) 

4 ... p -r 2iOfa P 

A 

JoCp ..... calO(n~ + o + -r 
nyCe 
210fa P 

fJ'!5) 

(17) 

Th~se ellpressicns ~ay b~ checked by calculating div J and ~quatin9 it to 
'Zi!'ra. 

div J 

"" d JJI (>li,Y) 
.J'lp .. 

8 II "'a 

~ 

~ JXC:'Y) .Joc. - -~ 
a 

HE!'nce. 

n 
ji' 

" 

d J (lI,y) 

+ 1 y 

sine; ;YCPJ + 
"',aP 

o nyC 

. 

fi . s;' nI 7+ 1(,1aC) 

Hence. dlv .J = 0 , satisfied. 

cos'nJl/p) 

. CD!i (nlll/p) 

If, as &hD~ In Flg.6b. the overhang is cDllapsed to for~ ~ thin sheet 
on the std~ Qf the core. the branch potential source which MUst appear 
along AB, .ust be equal to the ampere turns which have cut the ltne AB. 

Ma 

Fo (lI.y> S J J
II 

'lI.y) .dy 
Y 

~~Cp Ma nyC sin~ J SinC~ + ~).dY 
a y a 

nll 0 ""!Cp C n 
sln-p- [cos(~ +~) - cosc-;- + ~ ) ] 

a 

since 15 :z: " (J - Cp/p I the last term is zero, hence the m.~.f. in the 
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. " 

..r 
-->------~ 1 

L _____________________ ~y~ 

(b) 

O'f"erh<lnc "~11 :I"''''>'! LD rUI"M a t,lIi 1\ eurl"ilnl 'l.1''''tI!l DI\ b(llh 

side'!. or Lhe corp ~nd flndal~ rlu. ~uurc~~ ~pp~~rpd On lhD 
pl:lnelO Zt .. n~ 1.2 • 
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~hang ..etlon 1. glYBn by • 

jell nyC 
Fo (lIl.y) - -- coa( II + ~ ) stn~ 

fI --z- ~ p 

If 5ubstltuted by equation (7) into Eq.~IB). hence I 

If y-o then Fo (M,y' - Fs ex) 
t~ y-wa then Fo (M,Y) ~ 0 

• 0 < Y < 10101 

Th. nodal 4lulil sources appearing on the surface planas are 

~or plane 12 (20) 

for plane II (21) 

(lB) 

(19) 

For the part 04 the armature loIinding bet.een the cere and the 4irst 
bend. 41ux ~ourCr5 using the potential F

5
(xJ ~re used. 

4. APPLlCATlO" AHD COMPARISON WI". DE EXPt:IIIIOITAL RESULTS ~ 

The method is elaborated in this paper and il1ustr~tgd by 
transl~ting complex curr~t distribution o~ the over-hang sections into 
pquivalent nodel ~lux &aurces appearing on the upper and le.er sur4a~e 

~ the Minding In the over-hang regiDn. The co~l • ..nt.ry 4iald is 
~plled betM&en the tND layer 04 41u~ sources and has a component only 
in the direction perpendicular to the plan~ containing the over-hang 
winding (I-direction). This ~thad is applied easy to linear synchro
noUs ~achine over-hang and illu&trated by ~ield solutions. The stator 
ar.ature loIindings are conp~ed of a nu~~ 04 continuously distributed 
and uni~er~ly spread ceils which span 2/3 of the pol. pitch. 
The cD~utatian 04 the field due to A.C. Mindings lola 5 carried out 
assuming §inusoidal distribution of both armature currPnt and ".".F •• 
In relation to the track poles the loI{ndings ".M~F. loIaB r_garded as 
co~rl~lng a dirvct-a~i& and quadratUre axis sinusoidally distributed 
component. 
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(iI) The ar.aLurl! di ree L-;J.xl II ri el d : 
The direct-axl~ ~il!ld ha~ th~ ~ame sy~~try a5 the .aQnetJ%ing ~i~ld and 
~e~ changes to the computations were required. The side It_b. are ~et 

at z~ro pot~nLial , Mhl1e alon~ the centre limb the potential is &et to 
vary sinusoidally. The peak o~ the ".M.F. ~ave (an arbltrar~ re~reo~e 

D~ JOO unit~) COincides with the pole centre and the m~sh covers one 
Quarter 04 iI l .. ngth. The equation of ".".F. distribution at the 
ar~ture surface is: 

n 100 cos(1PiP (~-ll) 

and ~ varies ~rom ~ : 1 at the pole centre to x : ppJ2 +1 

(b) The ar-.Lure quadraLure axis rield : 
The quadrature a~is ~ield has oil di44.r&nt GVmm~try since the track-pole 
axiS coincides ~ith the zero point 04 the armature M.M.F. wave. Ihis 
~eans that the pole and Y-Z plane passinq throu~h the p~le centre ~U5t 

also be at zero potential. The field become~ al~Dst entirely ayial 
s~nce the pole and both sid~ 11~b5 are at lero potential. The 
distribution ~, M.M.F. at the ar~ature sur~ace is 9iven by: 

100 Sln< --~- lx-Ill pp 

and ~ varies ~rom x=1 at the pole centre to pp/2 + 1. 
The ~sh covers one quarter o~ wave length. The compensation 04 the 
overhang tUrns is treated separately as prDviou~ly ~~plained. The ldY
out 04 J-dimensions ~O~ half pol~,pitch, FiQ.7 , representes the ~ciJ 

and o~erhang dimensions. The 410~-chart, rig.S reprvsents the 
obtained ~luX sources due to A.C. windings in the over-hang ~d 

slotted sectlons according to the previously analysis. 

Laboratory ~asL~ements which are carried on the e~perimental model, 
[6] sho_ ~or Qood ~ppro~i~atio", a resonable dQreement§ ~1tn the 
devclped technique represented in this paper. The ~ollo~ing table shows 
the comparison bet~een the ~~peri~tal ~asurements. computed results, 
and the COmp~ted developernent FD~ of ~r~aturD 4luw/pole 40r 100 AT 
e~citatjDn. 

Exper1 menta I CO~Llted Results With Computed R£'sults 
Mea slW'etnent s ConsiderinQ F"h ... Sourc:es Without: COl'1l1iderlnq 

(Developed Technique) Flu~ Sources 

J.l ~ 10-2 mMb. 3.2 JI lO-2 IIIwb. J. 4 ~ 10-2 .1oIb. 

eo.parlson bet_een the e~prrimental ~asurements and the two computed 
results o~ ar~ature flu" per pole for 100 AT • 10 ~m air gap. and pole 
depth 20 mill 
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------.:.-

x 

t.ilIynuL or t.hree dilr.ens'on for hi'llr pole-pit.ch 

shoiotinr; the coil and over-hrine dinlensian", 
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S. CONCLlISJ ON I 

Th~ fJnlt~ dlfferenc& m~thod for solving thr~~ dl.~ntional scalar 
aa9n~tostatlc potential in and around current-carryinv wlndinvs In ~l~c
trical machines has been d~vvloped and presented In this paper. 
The armatur~ curr~nt distributicn and the ~agn&tomotlvv forcv M.M.F. in 
both the ov~r-hang and slotted s~tions are derived. The approach 
adopted In this paper has b~n written in Fortran four computer program 
and nodal flux &ources appearing on the surface planes oi thv over-hang 
section are add~d to th~ residual during calculatlcn of the nod~s 

potential oi th~se plan~s. The approach has been applied to a network 
_odel repr~5~ts a &tatlc 11n~ar synchronous motor ~xcit~d with one 
hundr~d of M.M.F. alternating current. Th~ ar~ature fluM p~r pole has 
been measur~d and it has a resonabl~ agr~~ment with the d~v~IDpem~nt of 

finite difference method FDM. 
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LI ST or SYlIBOLS 

pi 3.14159 

p .- pole pitch = C~J - II • 7 
L : 1 t in d-awis ~.~.F. 
d : =: depth (if the o'Vllr-hanl] toGCti on 
We := centra of th~ mod~l 
B := ef~ecti'Ve cOli length 

0l0I12'' hang lengnt 
= (8 ... 1)/2 + ~c 

cp I~ coil pitch 
• p1/p 

L a ~l r in q-6~i. ~.~.F. 

'Z2 - 1 S 
"" 1~/2'" 1) 

A =~ total coil length 

a Y4 - Y3 = Y2 - VI 
~4 (A'" 11/2 ... ~c 

'it 1'1'2 - Y4 ... 1 

4 ;& d15PJ~cment bet~een the p~aks of current loading ~ 2V = ~.Cp-cp) 

B. 91 
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