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A.BSTRACT 

COLES (lJ $u",,,e!>ted 10 represem the velocity diSlribUtion in turbulent boundary 
la~er:!. With adverse pre~sure grC'ldll~m o .... er smooth slJrface' by a Iinedr combination 01 
1"'0 u,",'''er',a' lu!'\ClIQ!'\~. One IS the well k{1own law of the ",all, lhe clt-.er ttle Iilw 0' [hi! 
wake which is charactl!rised by the profile at a point of sotl;lardtlQn or rtanachemenr. 
Tf'lc <lims of lhl~ in"esU~ation art' to modify Coles velocity dIstribution to perform the calnlatJons 
for turbulenr boundary la.yers o~er \mOoLh and roush ,uddce~ ana al~o \0 &rudy ar.al'1t,cally 
the Y/lrious bounda"y layer panme-ler3 and ~ur!ace- roug.hnes~ lunC\lon derived Iforr [he 
modi ned velocity diHrlbut ion and e)(pCrirnertlifl re~ulrs with flows Qver rough surfaces 
given In (j OJ. 
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Solulion ot boundary layer probLems depends on the velocity distribution and whether 
th~ How is laminar or turbulent. 01 the twO, the laminar boundary layer is more amenable 
to analytical solution and th~re is an elttensive literature on laminar boundary I~yer al •• me. 
The compHc:ation increases rapidly when the boundary layer becomes turbUlent. Its flow 
structure D so complex that it can not be solved by the exact methods. This complexity 
also incr~aseJ when the {low is over rough surfaces. Calculation and analysis I71f'Ih0<l5 01 
the {lo ..... of turbulent hnundary layers over rough suriace! make use of the smooth ..... all 
flow predication merhodl as a gOlde. These methods expressed the e!tect of the surface 
roughneu Q(I the velocity distribution by rhe rcughne5s funCtion C (c_ .k/))). A ~ummarised 
survey 01 the~e merhods will be mentioned as a literature review. L 

Nikuclld.se (21 ha~ 5hown In a p'pe flo,," that roughness leads 10 a downward shiit 
in e Ic . He adopted the veloei [y diSlribut ion 

x r 
( 

..!-:i\.a.ln)' ... (I.1l 
c-r ~ 

Wllh B as a constant and" = g.IfS for ~:lnd • gra,n roughlless 

Rona [J] and independently Ross- and Robertson [4] proposed a Simple approximO!llion 
for Ihe velocit y pro liIe as : 
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2A c_. k . Y ~ C <_!-' ____ ) 
.lC. t )J 

. .. (l.2) 

wt'lere fl., denotes a Iree parameler and :£ lion Karma.r.'s constant. The roughness function 
C k r . It hi) la\.:I1's 1M 'IOlo!l.\e 5.2 fOT 501'1100'1'1 $urlace, aM 101 comple:ely rou&h sl.!r1ace It 
is gillen 'JY : 

cr- k 
C 1-,,---) '" c 

l-' r 
'1::' k 

, jn ------
oX. ~ 

. " (I.)) 

wi tn C r con,uar'lt Qf .5urface rOJj!,hne.ss func tion. .. .. 
Rotta 0] plotted the rei:Hlon c i ~ c r tl-:!o ,ti I ,) for rough ~ufdLe Wltrl sand 

r,nin roul\hncss ba)ed 01\ Nikuf.lOSe OJ (e:q<enffitnt,,1 re$ults) ~Ilh the l>,;sllmption that the' 
IOUehnes$ {uncHon i~ no L allecced by the e~lsre,,~e lIf preuure (l,rll.die,\t. 

:1'1 UJ an analytical \IudI' 01 eQuation (J,?J j~ in~rod"ceLi. Tile dr r J erent boundary 
13.'1'<::' parametcrs ~rc caIC\lI,HCQ 011 Lhc C;\~\$ of 1\\1: ~l\pc:.rimc;\ts ;:'ChIC""cd III [\0\. 

Clau3er [7,IIJand Hama [9) Jsed [he form of {he ve,oeity dJstnbution for However 
rough walls w,th Zl'ro pressure ~rad,l'fH ,H : 

• •. (1.1.1) 

The surface roughllcss function, C (c_ . k/ y) ir, equalion (I./i) is di flercrt than {hat 
in equallo"l (1.2) bccausr. 01 r11e 1111 roduc II Of) "0 I Ihe conSIar t. B. Its valJe 1S zero lor flow 
O'ier smoo:h walls. 

T'le Clauser form Qf the ro ... ~J·ne5~ function ~or fJIIV rough tlow i~ : 

c_. k I Cr' k 
c (-J=,'--) : i . In --;---- • C I · " (U) 

where C 1 J$" constant. 

Alliln til J <u!lSesled anol'ler v~locj ty disrnbwion' :. The ~arIOJS Cac tO~5 a~d 
junctions are ~Iven lor pipe flows, II<lt plate flows. and diHusillf flo\",,~ with uniform sand 
~raln ri)ul1h"lI!!,~! are further e .. a'nlf'led Irl (12 , 13: . 

2. GOVERNINC EQUA nONS 
Coles (I] propo5ed a velociTY p(o/ile e~pression that ciln be used '0 p"e(liCf the 

mean velocity distributions.. It '$ g'"el1 by; 

la'" of the wall 

y ) 
\~ ( '0 

law of the wake 

twO empirical con!lanrs 01 O.Q and 5.1 \iailies. 

• •. (2 .. l 
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2.1 Wilke functiun 

The walle function w (V I hl is normalized to be zero at the wall and have a value 

w IV I bl " 2.0 at V I & " l.0 also % IV I 0) dw ~ I. For !lows over smooth sur1ace5, Coles 

[11 save it in a table form. Several forms 01 the .... ake function have been presented bV 
dil1erenl authors. II is given to a I!.ood approximation by the em..,irical fit: 

.... ( -5-)" 2. sin
2 

( ~-. -~;) " 1 - cos (il. -t.-) ... (2.1.1) 

The disadvanlase ot this approximation is that 0 c / oy evaluated from equation 
(2. \) LI nonltet'O a t 'I ~ ~ , i t e'1uaj~ c hl.6. )( 

r 
Moses lI"] Bave the .... ake function in a polynomial a~pro)(imation in the form: 

w ( -~- I " 6 ( 1 )2 _ " ( _~_ )3 ... (2.1.2) 

A beuer choIce fOf the wake, ortginally due 10 Finley et.aJ. [I'], 15 to replace 
the term fl." <'I i ~) by : 

P. "" ( -}) ~ i[ .. 61') . ( 1)2 - U .. 41') • ( -~ ») ... (i.U) 

which lor ~c lay = 0 at 'I " o'. 
Il 

RoHa [161 gave it as : 

'I y3 '14. y5 '16 y7 
\\I I '0-) = 39 ( -r;) - 12' ( -0-) • 1:-;3 ( 'r;) - I)J ( ";r) .. J8 ( .~ ) ... 0.1.'1) 

Strehle [17} has put it in the foJlowJn~ formula: 

( y ) ( II :2 Y 1 'I )~ Y ~ v 6 w -0 .2.1 'T

' 

.I~·J(-t)· -30(-0 +20.5(T) -5(-d) · .. 0.1.5) 

which satisfies the lirst normalizing condition w(o) = 0 but net the second condition and 
11.1 ves :o( w(J) " 1.9. 

A mathematical correlatioll was dale In (IS) on Strehle's formula and leads to: 

and satidies both values tor normali:zing conditions. 

2.2 ModiLil:d VeiociLY DiSlribution 

The modliied Coles veioclly distribution which contains the contribution 01 the 
e[!ect of sudar.c roughl'C~S. e'<t .1(/ v), is cxpresscd in the form; 

e.ll 1 c C· 'I P c.t . k 
-c~ " 3i. . In .---;.;-~- .. n .. -~ . \loI ( -}- ) + C ( .-~--.- ) · .. (2.2. J) 

The :ast term 0/ equa I i~n (2.2, J), represenlS the sur {ace (oughnen June lion which equals 
zero In the ca~e of smooth surface, while the flo\ll over complete 1'1 rough surface it takes 
the form: 

I c/.". k 
- ---. I n ---~----

'"' y 

· .. (2.2.2) 
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",ner .. ;:: is the ;;Qt't51d(\( \l( ~ur;ace rougll1.eS5 {unC\.on. At the outer ed~e of ttte boundary 
layer (y ~ 6. C

x 
" c) eq. (2.2.1) yields: 

c c_.6 2P c".k 
~ In --":.--- + B + .- ~ C (--.---) 

c
f 

X' >-' K. ;> 
• (2.2.») 

He ~eJocity di,uibUlion JlHide the boundary layer can be deduced from equations (2.2.1) 
and (1.2.»), i I yiehls : 

-c ~
' 

l 2P 'w • [- • In 't - • - l + -----~ 
;c 6~ ",r. 

with ; /-!~i~ 
C ~. C 

2.3 Ooundary layer Par~merer 

Ttle :wo boundary lclyer parametcrs j dc:Lned In the nomenclature j the ()Imen~lonlc~~ 
• /' /' .. - >( 

dispJclcenenl thickness [, 10 &. rh~ dlmel\slOt'lle55 mOlTlemum thiCkness 0 I 0 are obtained 
by Subsl11utln~ the value o( C ! C In their formula, ~o that: 

x 

.sO l!~ -i = X ~ ~-~-~i . (I + P) · . , CU. I) 

and 
•• l~ r 

?g "k f~:~':~i . (I • P) -1 ~':~~i . \2 , 3.2P • l.522 p2} · •. (2.').2) 

The rl!m;lJning bDundary layer j'lau."Ile\cf'S such a:> IIII! lorm parllrtlelc.r, H J 2' \h(! 1hape. par;;­

metC:f. i, and the prc,s::.ure gradient parameter ,"it • Iliuy be rei>re5ent~d by ~epur a. te {crrnu\as. 
They are: 

Form parameter , •. l2.3.3) 

Sh.)1"'" par_meter 
x. (J ;. pj 

Pressure gradien~ parameter It · .. (Ll.5) 

where A IS Euler numller • 

The praille parameter P can be eSlllll.lIed by solving equation (2.3.4) and given a,5: 

- 0.321 x.. I - 1.936 ] .. (2.3.6) 
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2.4 Rour,hneu Function 

The calculation of the conSlanl 01 surface roughness [unction, C r, can be achicv~ 
. . c!, ' Ie 

through u'C! ro\lowing procedure I subSlituling the roughne!5 [unction C (--y') /rom equillic 
(2.2.2) into e':luation (2.2.1) one gets I 

c I k 
•• '11. = • _ [In •• P. w ( ~ ) ] + a + C ... (2.~. 
cf' x y 6 r 

At the outer edge of the boundary layer (y .. 6 ,cx c) eq. (2.I1.l) gives: 

. 
c Irk 
c[ = - %' In ~ - 2P] + B + Cr ••• (2.11.: 

The ratio k I b can be written as (k I ct .. ) (0'" I ~ .. ) (~ .. I &) and using equations (2.).1) af' 
0.).2) • the last equation becomes: 

c =.! (In ._~ " 
Cf at 0** 

~I\d C r C~I\ U<.' h''''<.'11 by 

C;- =~~~_ 
-2 

~. c 

I 
In If" 

12 

'--z! 
So, C r can be evaluated when P, k/o", H 12 andf/~.c are knowns • 

.•• (2.4.: 

Tbe effect ot the roughness helghl Reynolds number, Rek , on the surface rouf!.hne~ 
function C (cr' k/,;) can be achieved by de/Jnmg It as : 

- c. 6 f./ ~u Re
k 

'" ~_j_~ - ~_ .L._ .. ___ __~ 
, - cr' y . S' . r . 6" 

and from equation (2.2.3). (2.).1) ;:lIld (2.3.), 

R2 

R e '" i_i_.? . __ 1 . --~ . exp {;d ~-~-:-
k ;;>!.. HI2 6.... 'C w 

2P c1"' k } 
• B • ~ - C (---;;-) ) ... (2.U 

The surface roughness function C (c _ • kl V) can be obtained from the previous equation 

;, y;<'d< c (~!~ "; ~ iLf _ • _! ;'n Re _ 'n (L:-" . __ 1 __ ~) • 'Pi 
Y '[ w ;:( • I< ~ H 12 • 6 ..... • (2.11.5 

c,,' k 
Equation (2.4.5) \Vas "ned ~o evaluate the surface roughness function, C (------), fOI 

". ).' 
different values of the roughnes, helflM Revnolds number at constant ratios of k/O • 
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:I - R e5ults And 0 i sc U551 on 

The "ilnali"n ,,/ rhe veloclIy protile parameter. P, with bOlh ~I Euler number.A. 

[iIe local ~kil)..fric[i('\n coefficient, 't , I ~. ,2. and the pressure gradient pilfarne(er, 1( , lor 
ratios ot kJt; = O.OJ. C.OS, 0.10 and'" O.)(j ar,. .. ~ivef) if'l li/l:ures (1) • (2) and (J) respectively. 
for bour'loary la}N5 "I the. s;),mc " .. 10£ oJ kIf. ,the velocity pro!ile ?aramet.er. p. increases 
as Euler number, A. increases; fi/l:. (I l; this ~ in cMjUction ...,ith a decrease io ,he " .. luI' 
of the local ski.n ~rlctlon codficien!, 'r...,1 f.e ; Fig. (2). At separatio~, i.e., "'11-0, "a lues 
ol? lend .0 mflnlty (19]. for the saine v~lue oj the t:>{ the velOCIty pro\tle para.meter, 
P.cansUn!. both Culer nurnber A. and local skin frICtion coeUicienl, increa5es as rhe ratio 
oj, k/6 ,increases. 

Fig. 0) represents the changt ',,, the velocity prolile parameler, P, ...,ith the pre~~u:e 
~,,"cient parameter, If. for {IJ"" over rou&h sudaces it is ~iven empirically a$ [13] 

~ = (P - 0.55) (I ,60~ 56 + O.4~0645 P) (J.I) 

with P = 0.5! , i.e.., ['ow over (lat plate at zer~ inCidence. 

\\Ih; te [20] su~~ested a power-law e~presslOn : 

P := 0.3 (iT • 0.5)°·75 0.2) 

which is arfill1j!,cd 10 ! I! the [heore (Ical requiremen t [Melhr and Gib50n [211] rha t "the lIIake 
vanish al 'IT 0 - 0.5, cClrre~Donding to an :15wmr>lor,cally Idrge favorable grad,enl. 

Das and \Vhile [221 save a "",w ellplflCal correlation between, :', a.,d ,T[ , Ior /lows 
"oII)ti-l adverse graOlE!flt JMe:>arated !lcw as : 

it = O.i6 P + 0.42 p2 . (3.)) 

Equations D.l), 0.2) a~d 0,)) are repr,:,sCP1Ied In rir,. O} lor co:npallSon wilh the oa:a poinu. 
An apprOXimate correla(ior! betwc.en, 1', a.l\d , T( , [or these. data can be ob~clncd in the torm: 

p ~ I.~ rr Jor iT p. 0.6 . ().4) 

which shows a good agreerllen ( In the given raf'lge. 

The rlnge of ·,he pressure !Sr~dient parameler,11:, lor 5el{ ?reserviflt bC>\..\"da~)I I~y"r~ 
i5 - 0.5 .f: iT ~ <0 &iven "Y MellQr .. ,Id Gibso(l [21 J. The deceleratin& flollls and acceleraling 
flolll$ correspo~d5 to "Tr > 0, "TI" < 0 re~pec lively. A rebri~n be IUlN'" :hc shape pill "flW rer, 
I, ilnd the prp\'IJ(c I:\rad,erll rill·aln~ler C~SIslS ,n lhe IDrm I ~ I ('iT ) given In a table Jorm 
l21]. Nash (23: giv~ 3n ilpprO(lffiate re!al,Ofl bel-.;een l a"\o';1 ior 5"lr-?a~er~i"lIi {~o-.;s m 
the form: 

I~ 6.1 (1'('. 1.31)°·5 - .. 7 . (J.') 

Figure (4) ilJustra(r~ the r"l.,tion bClw~en I ilnd It for ratiOS 0/ kJiJ
u 

= 0.05, C.O!!. 
O.1ll and 0.30. II I~ ccrn?ared with the rei')' lions ::;iver by Nilsh (2:31 ann Mellor and Gib~on [2U. 
Data poifllS are aoiar-eN to the:: Ll.lr~1! <I[ (2! J. A corr~l~tion ! = I (1'\) can be oeflvecd {rom 
eq~arion5 (2.3.4\ ana (3.4) and apprOllilnaled as : 

J :; 4.~ - .5.330 for 'iT 3: 0.6 (J.6) 

II is representee in the same fi i!.~rc ;]n<1 wi tl' the c~per Imer1tal data. 

f"lt;ure (.5) represenll the rclall"n between tile con~lant o~ ~urface roughness function, 
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The influence of Euler number. A I the dimensionless wall shear stress, 'l:y/f . c?, 
and the velocity profile parameter. P, on the surface rOllghnes:5 function, C (cr' k/v), are 
illllstrated in Figs. (6 to 8). These figures are Riven lor values of the ratio klrr- ,. 0.0) 
and ... O.JO with the roughness height Reynold.!. nu~ber, Re k, as a parameter. At constant 
k/6 and A; fig. (6) ; the function C (cT' k/Y)lf\creases as ReI< decreases. The same can 

be observed at constant kill·· and 7: 10.,2 ; Fig. (7) ; or al constant 1</6'" and P ; Fig. (8). 
W ) •• 

A11a, at ,he same Re
k 

the (unction C Ie,!: .k I y) decreases as the ratio k/6 increases. 

*" In figure (9) the velocity profiles at ratios of k/6 " 0.0.!i and 0.30 [or d1fferent 
. . -J . 

Euler number ran~ing bel""!!"n 0.0 and 3" 10 are plotted. For boundary layer at the same 

increa5e 01 Eul~r number,A.. 
decrease~ slightly witli the 

~.. -
ratio of k/o ,thee ... eloclly distnbution, c Ic, decreases IIIith the 
Also, [or COnstant Euler number, A , tl"i~ velocity distribution 
increase of the ra Llc k/o··. 

\ .... ith the II"\crC:lSC o( the value of,A, (i.e., >' 3" 10-)) the flow ilpproache!. tosepllration 
from the sur/ace, Ihc vaillc af c1:" - 0, then the C (c1:" • k/v) and «:1: . klv) approaches zero. 
In this region the ~ur I acc changes from fully rough 10 uansirionally rough and finally s.mooth 
surface al a value 01 c ~ o. ;: 

Ij- CONCLUSIONS 

On the basis of the modified Coles velocity distnbllBan lor turbulent boundary 
layer over rough surfaces and the application of the experimental re~ults of (10], the {ollowing 
conclusions ;I,e obtained; 

(I) 

(2) 

(J) 

Two new empirical correlations hetween thE! v(:loclty profile parameter, P, and the 
prel~\J£e gradient parameter, 1\ • and the 5hape parameter, I , and, "iT , have heen 
derived Iram the experimental data. 

The lIe!acllY pro/ile parameter, p, increase~ With che increase of Euler !1umb~r,J\, 
and the decrease of the rat io. k/S· . 

The surface rou~hne55 funcllon, Clc _. kl j.i ljLor the boundary layer with the same rallo 
of k/6" and the roughness helghr,l Rekjlncrea.ses wirh the increase of both Euler number 

A , and the relocity profile parameter, P , and rhe decrease of the dimenS10nless 
wall shear stress, '[wI ~.C'. 
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