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INVESTIGATION ON INCOMPRESSIDLE TURBULENT
BOUNDARY LAYER WITH MAXIMUM DECELERATION
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AQSTRACT- Incompressible turbulent boundary layer problems are solved based on certain
assumed boundary condihions, by integrating Prandi! integral equation. Representng the
velocity profile parameter as a function of dimensionless similarity aumber of :urbulent
boundary layers, a separation critera can be achieved. Ttuy helps in solving the attached
boundary layers with max mum deceleration.

The obtained theorerical resuits are compared with previous available experimental
data obtained for radial d.[{user.

Moreover, this investigalion contains refation bewween the turbulent velocity profile
ard shear stress profile in a paramertric form for equiiibcjum boundary layer and agree weil
w:ih thar obtained Irom Mellor-Gibson theoty.

NOMENCLATURE

b difluser width ce e e e (inm)
b effective width e e e {rmm)
c velocity at the outer edge of boundary layer,, {m/s)
< local skin friction coeflicient, Tw/ ( I/LQ |

s snear siress velocity, Q’[w/ o (m/s)
o free stream velocity, (rn/s)
< velocity of the flud inside the boundary layer in x-direciion {m/s} (m/s)
<y velocily component inside the boundary layer in y-direction, (m/s) (rn/s)
H, , convential shape factor , 6* / &+

1 defect-shape factor

P pressure , (N/mz)

Rey,, momentum ihickness Reyrolds aumoer, T . §*= /¥
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X coardinate in the direction of the wall, (m)

y roordlitate paral o the dliecilon ot the wall, ()

§ boundary layer thickness, - (m)

L boundary layer displacement thickness , J(I-clIE) dy , (m)
-

&*s  boundary fayer momentum thickness, rcx/E {i-c_/2) gy, (m)

N Euler number, 1/€. dé/dx §** °

y kinematic viscosity of fluid , (m2/sl

Q density ol flud , (kﬂlmj)

T shear stress, : (Nlm2)

Tw wall shear stress , (N/rnzl

I- INTRODUCTION

The prediction ol boundary layer development under various llow conditions playes
an important role in the design of a wide variety of fluid machinery components. For exarnple,
boundary layers in the presence of unfavourable pressure gradient play a significant role in
the case of radiai diffusers. This causes the viscous boundary (ayers 10 break away from the
walls and greatly affec(s the diffuser performance.

There have been several studies applied to 1he prablem of predicung dilfuser effsc:-
ency and design parameters. In particular, Ackeret and Albeing [1,2), Leibe und Jahkn (3],
and Ruchti (4] and S8rgel [5] have all presented experimental work to deal with this pheno-
menon, In {6] an investigation about turbulent boundary layer by dillecent roughnesses
was given experimentaliy.

This paper 15 concerned with developing of a mathematical model to obrain a criteria
for maximum deceleration in radial dilfusers. This is based on the integration of the mome-
nium integral equation under  certain assumed boundary conditions. Assuming that the
velocity profile parameter has an optimum value, Ao + ol a magnitude abour 0.0009%%,
and the form parameter, HI,Z ranges between L.& and 1.6 for maximum deceleration.

2- GOVERNING EQUATIONS

The governing equation ol mean flow for incompressible turbulent tiow 1s the
momentum integral equation [7) given as :

. S+ 8o de _ Tw _ St
TR SR et el o )
c ?C

Equaticn (1) )s normalized by using ,

x_and c_ being approprnate reference quantities. Thus, x_ Will  be 1he length from the
cérter of the radial diffuser to the begsinning of the parallel walls ; Eo the component of
velocity at the inlet by N, at the edge of boundary layer. Fig. (1) illustrates the coordinate
system used for the radial dilfuser.
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Equation (1) becomes :

dA a ocr _ "1
UL T O -2
The optimum value of Euler number, A -4 a , was found to be close 1o 0.000%4

opt C- dx*

[6] and so one adopts this constant value o{,.A.. for the analysis presented here. Morcover,
By this vatue of, A , the local skin Iriction coefficient, c,, is very small and diminishes,
and the [orm parameter, H,_ = b= **, has a magnitude of‘ t.4 to 1.6 [B], so thatr equaticn
(2) can be integrated with cf..O and oot and 11, are constants. Equation (2) therefore yields

SRr@eH A Do Cea (D)
Separating the vaciables and iategcating, this equation (3) one gers :
a-@iHph ec Cetw)

.

where C =48p s SiNCe 7, = COMST and cl—’O when rhe first teemn on the cight hand side of
equation {4} 1 equal 1o zero. Then the solurion ol Eq. (4) 1s given as

6!5 (,(l x l.)l
% = (2 6‘-“ ) (.fl\).pl) % ‘ —-x—-- ... 05)
[o] Q [4]

Recalling the integral definitian af ecuation (1), and substitwung for ¢, = o, this yjelds

dé""/xo X dEfio 8 »
Tax/x T T @« &%) g S ot

Rearranging equatron (6) by separating the varables and (mteglaling one gets,

ln(é-:')z_(z‘é,“)mf- il C .7
X S L L <o
= A
or - X
tn(‘-Su'-'h-Cin(-‘-)A, TS|
X5 co
S o
o . N —
where C - --,(-; . Since € - € ar x = X,
S et & A 60"
Therefore 5 (E: )y, (--;- ) ... (8)
o o o

Equation (5) and (8) are two independent expressions for & “/xo- Combining thrre two
equations (5), (8) and anc gets 4 simple equatson,

2
ERZ =l e @ty N exxo T WA -e- 09
<, * 12 opt o' [;o ( )
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using a mean value for Hl = 1.5 and = 0.00094 and substituting in equation (9), the
tallowing form for the velocﬁy diAlribllliull,ORl‘ the recovery factor, is
(:‘E—)zrn + 0,0033 IS‘;!‘!/;B.]-OJ’“‘ e {10)
c o a

o

Equation (ID) is used in the analysis to obtain the effect of the :nitial velocity on the
diffuser performance.

In addition, an equilibrium turbulent boundary layer is one for which the gross pro-
perties af the outer region, constituting some 83-95% (8] of the total boundary layer, can
be scaled with a single parameter such as the boundary-layer defect thickness, ©®, where

a
c-c
LY QE— X ay ,
‘r
o
¢4, the [riction velocity, expressed In terms of the local wall shear stress, < by (Z Ic =

(% u[)o's. In an equlitirivia laycr both vetocity-delect profiles and shear stress profiles are

sell similar. This sell-similarity of velocity-delect proliles, demonstrated by Clauser [9],
that forz an 3qui|ibr|um boundary layer (€ - ¢c.) / cg 18 lunction of y/§ onily. Hence ,
(€ -c )/ < o 8 a simular unique lunction and ihus n such a boundary layer the defect
shape factor, [, delined as :

L _-—
f [ _-_f-_;_'..]z dy
(a0 £ RERNIET ST S .. (na)
[ = J—
i /7
‘T

» » ¥
will be a constant. Through algebric manibulation the convential shape factor, H”2 =8 /8 P
can be expressed in terins of the defect shape factor, |, by :

|

a3
H|‘2=[I -(c[IZ) ] <. (1)

which is conftant in an equilibrium turbulent boundary layer as long as the local skin friction,
c,, is invariant (10 , 11). This agrees with the previous assumed boundary condition for
integrating the momentun integral equauon.

For characterising the shear stress layers the proper value is the dimensionless shear
siress tangent at the wall [12},

JUT) vp &°

- £ L_f_ias;z.ﬁ_ TR
Bly/8) dx tw c |

y =0
Developing the shear stress disiribution across ihe [low in Mac-Laurin series, so

it comes as first and important term. This magnitude will be evaluated in the same bme
through the pressure gradient at the outer edge of the boundary layer.

The relationsiup between velocity defect-prolile and shear stress profile, 1.e., between
both parameter, Eq. (1) . b} and Eg. (12) «s evaloated from experiments [13). For equilibrium
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boundary layers 1t follows [rom Mellor-Gibson theory [14]. Fig. 8, illustrates this relationship
berween velocity defec! prolile and the dimensionless shear stress tangent at the wall. The
expr.mental dara originated from boundary layers which hos steady decrieravion till separcation
exhiboc

3~ PRESENTATION AND DISCUSSIONS OF RESULTS

The twu equation former)y obtained ;

o x
SR S ¢ C.0033 X (s
X ° X5 ) )
and
& = [1+00033 .3./;9 - ] -0.5714 .. .40
o o o

are evaluared and plotied in [gures 2 and ). Equation (5) emphathises that the momentum
thickness increascs lineary. In figurc (2) indicates the lincar increase in mamentum thickness
which obtained [rom equation (3).

Equation (10} for the velocity distribution shows that the velocity at the boundary
layer edge decreascs according 10 a power function. This relation given by equation (10}
is illustrated in figure (3). Aloreover, figure (3) shows the marked ellect ol the imital
valve of momentum thickness (sulfix 0), while smaller thickness of boundary layer results
in higher values ol deceleration than these corresponding 1o thicker values of boundary
layer thickness.

Figure 4 describes the relat-on between the velocity profile and shear-stress profile.
For comparison the curve for equilibrium boundary layes is drawnwhicly indicates auncquivecal
join both parametcr. The deviation between both curves is due to simplification 1n the
calcularion. {n agdition, boundary layers with essential another -ype of boundary conditions
have remarkable deviation [rom the grawn curve.

Fig. (5) shows 1he relatian between A‘ values and momentum rhickness Reynolds
number, Re [ This (llustration agrees and in harmony with we physical perception, after-

wltich in near scraration essentialy pressire and inertia (orces are only clfcctive.

Far satislying the boundary condition for flows near separation a constant /\ values
is selected, e.g, 2.00D49 thar gua-intee the ariached flow.

4- CONCLUSIONS
The conclusions of the present investigation may be bisted as follows :

i) Formulas have been obtamed {equations (3) and eq. (10) ] which represent adequately
the theoretical cara for rhe influence ol the boundary layer growrh in momentuin 1mckness
at diffuser inlct on ita perfurmance. Increasing the velocity at diffuser inlet increases the
momentum thickness and cecreases the recovery factor remarkably. So, to obtain maximum
deceleration the initial value of momentum thickness must be decreased.

ii) An independent, aiso indirecy, check has beea made on the pracedure ol velocity
prolile matching to determine the local shear stress. It shows a reasonable agrcement
with that given by Mellor-Gibson theory (Fig. 5) [14] .

iii} Near separation pount the pressure and inerua forces are only elfective.
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