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PLANE STRESS ANALYSIS OF CIRCULAR PLATES BY

THE NCDAL LINE FINITE DIFFERENCE METHOD
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AHSTRACT: Plane siress analysis of elastic circular plotes using
the nodal lins finitle difference method, developed osarlier by
the Author. has besn presenied. The onalysis deals with the
Ln—plane displacements and reguires the solution of two
simul tansous second order pariigl differential squations. A
trigonomelric basic funclions hove bsen used Lto exprass the
displacemenl compansnts variation tn the circumforeniial
direction. deccordingly, the gowerning partial differential
sguations are reduced to twe simultiaonecus nodal line difference
eqguat tons by means of replacing the derivatives by difference
expressions. Mumerical examples are presentsd to demonstrate the
efficiency and the accuracy of the method.

INTRODUCT [ON

\\

The nedal Lline Cfinita diffarence method NLFDM is a szemi-analvtical
approach which reduces the partial differential equations into an ordinary
differenti1al equations by first of all adopting continuous bagic {unctions
which satisfy the boundary conditions in one direction. The solution of this
ordinary differential equations is then obtained for chosen parallel lines on
the actual structure raferred to as nodal lines by means of replacing ths
differential operators by difference expressions at these noda! lines. The
gartiest formulation and the subseguent application of this method was
developed by the Author (1,2,3.4,5) for the bending analysis of rectangular
plates. The method has also been extended by the Author [6.7] to include the
plane stress analysis of rectangular plates and the bending analysis of
circular plates.

The present work aims to extend the application ¢f the nodal 1iine finite
difference method NLFDM to the plane stress analysis of elastic c¢ircular
plateg. For the analysis of s3uch type of plates, polar coordinates are
praferred ovaer the cartesian coordinates. in the present analysis. the
golution is obtained for the radial and tangential displacement components for
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chogen circles on the plate referred to as circles of division or simply as
the nodal circles. Two trigonometric basic functions are chosen to express the
radial and tangential displacements along these nodal circles. Accordingly,
the two partial differential equations describe the aquilibrium and
compatibility conditions are then reduced into two ordinary differential
equations. These ordinary differential equationg are cast into two
simultaneous nodal line difference equations by means of using the central
finite difference technique in the radial direction. [llustrative examples are
presented to demonstrate the validity and the accuracy of the method, where
the results have shown good agreement with those of analytical solutions.

METHOD OF AMNALYSIS
a~ Nodal line diffarence squations

In the plane stress analysis of circular plates, the in-plane displacement
at any point within the plate can be resolved into two components u and v
parallel to the radial and tangential directions respectively. The equilibrium
and the compatibility conditicns are cast into two simultaneous partial
differential equations relating the displacement components ulr,¢) and vi{r,¢)
to the surface load intensity components Pr{r,¢) and P¢(r,¢). These partial
differential eguations can be written in the following form.

2 [0+ - 2%y ]+ (1-v)22u” 4 (Ltwye v/ - (3u)n” vie - % P

{1}
{1-v) [ v’ih ok oy xzv ] + 2 xzv”+ {1+w)» u"" + (3--1))::2 W= - 2 P(,b

D
. i) f & 1
where [ 3 00 3 W o - and
b= ig the in-plane stiffness

(1-0%)

nodal circlas

any houndary condtions /

Pull circular plats Fig. 1 Ring circular plate



Manscura Engineering Journal (MEJ) Vol. 1¢, No. 2. Dec. 1989 C. 29

The application of the nodal line finite difference methed in the present
analysis requirea the division of the plate into a mesh of parallel fictitious
nodal ¢ircies as shown in Fig. 1. The displacement components variation at any
nodal circle, k., are assumed as a summation of trigonometric basic function
terms multiplied by nodal circle parameters as follaows

L
o = 3, coom
‘1 (2)
v, = z Vm‘k gin mg
m=0

The applied load intensity components at the nedal ciycle, k., are then
gxpanded into a series similar to the displacement functlons as

3
Pr_k- mé; P\ €09 P

-1 (3
& .
F¢‘k- mé; P, Bin g

Substitution of equations (2) and (3) into equations {1} reduces the partial
differential equations to simultanecus ordinary differential equations. For
each term of the used basic functionz, these squations become

2 [u

. uku;,k] - ﬁ;uium,k+mxk[(1+U}V;,k—[3_ylxkum,k]- -2 ’,

D "m.%
(4)
v . z z . 2 @
{1-v) [Vm;k+xkvm,k]_ﬁmxkvm -ﬂ!.’tk [(1+V}Um.k+(3_u)xkum,k]. D pm

Lk D

Lk

where ﬁ; - {2+(1-v)uf}- , ﬁi = {2uf+[1—v)}

The above ordinary differential egquations are then transformed into two nodal
line difference equations by means of applying the central finite difference
technique in the radial direction. Thus, we obtain

r
) 2
[C; _Cz Cs C‘ C5 CZ ] {6 } - _ m,k R_
. m ™ m m ™ m A D
2 = 4 7 z a p: ke Rz ®
[cm c:m . Crn Crn _cm Cl-n ] {6m} " }\-2 ﬁ_
*
1_ 1 z_ ltu 3_ 1-v 24 2
whare C.= (l=e) . Cwgmmn, , C=-[2+ {1+—§—m Yool
.« J~ 2 5 _ 1 7 e - 2z l-trq 2
Com = Smmoy . Com (lima) . O =—[(1mv)e{m’ "} ]
s _ 1-u:1 e 1l-u.s . - R
cm 2 m ! Crn Tcm ' 0} xkAr . A Ar and

{6m} - { Um.k—1 vm,k—!. Um.k Vm,k Um.kﬂ. Vrn.k-ﬂ }T

Equations (3) represent the nodal line difference equations required for the
plane stress analysis of circular plates. The application of these difference
equations at each nodal circle resulis in a system of 3imultansous linear
algebraic equations. Due to the uncoupling property of the adopted basic

functions, this system of algebraic equations can bs solved for each term, m,
separately.
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b - Ipternal forces

The internal forces per unit length at any point of thin elastic isotropic
circular plate can be expressed in terms of the displacement components u and
v a3 follows

N o= DIluw+ar (u+v)]
N¢ - D[ »(u-+ vf} + oy ) {6)
Mg 0 v e v

Upon aubstitution of equations (2) ipto equations (6) and application of the
finite difference technique in the radial direction, the internal forces at
any nodal circle , k , can be written as

.-
Dx

BT 0 ee, w1 01(e)
D-)\.t

o Blmw e o m om v olE)| o

L

D . 1-u 1-w

Nr¢,k. 5ﬁm2;8}n mp [ O - o Time o -{1-vie, 0 _inj{ém}

¢ - Boundary conditicna

The solution of the governing partial differential equations by the nodal
line finite difference method requires proper finite difference representation
of the boundary conditions at the edge nodal circles. When the nodal line
difference equations (5) are applied to the edge nodal circle, the
introduction of one fictitious nodal circle outside the plate as shown in Fig.
2 is required. According to the prescribed boundary conditions at the edge
nodal circle, the exterior nodal circle parameters have to be sexpressed in
terms of the edge and the adjacent interior nodal circle parameters.

_eaxtarier nodal circles

- -

adge nodal circlea
any boundary condtions

Ful} eircular piate Fig. 2 Ring circular plate
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Ring circuiar plata

For ring circular plates, the boundary conditions at the inner and the
outar edge nodal circles must be introduced in the analysis. According to the
prescribed boundary conditions. the exterior nodal circle parameters for each
term of the used basic functions can be expressed as

1 - 3imply supportad edge { Nr 9 S 0}
in?ar.agg?: Um'k_t- ?.vcxkum'k + Um,k+1 N
k o
2
E] L 2 r R 2
vm.k-l-[ (cm+2vakcm)um.k+2Um_k+t+cmum,kt1+Pm.k;2_D] /Cm
L {8}
({Ju?ar-egg?: Um,k+{- _zvakum_k t Um.k-i
k
3 1 2 r R z
m,k+1 [ (Cm_zvc‘kcm}um,k_zum.k-1+cmvm,k-l-Pm.k:2_D]/c J
2 - Clamped edge { u - 0 . v = 0
2
. - s 2 &.r ] R__ o
{n:ar_eﬁg?' Um,k—i [ 5rn m,k+:+ Em“m.k«t‘-{ Cmpm,k"'cmpm,k KzD] /frn b
k ©
2
o ) P P PR R o
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{ ~ Prea adge (Nr,k- o, Nr¢'k- Q01
{nnar_egga: Um’k_*- 2vakum.k t 2vmakvm,k + Um,k+1 1
Ty o)
Vm,k-i. - 2ma}(um,k -2 ak Vm.k + Um,kd-i
- (11)
?u:er_°gg°’ Uea™ = Uy m2ma ¥+ U
X )
Um,kﬂ.- Zm%Um'k t2 c‘k Um.k * Vm.k—i J

‘ull circular plates

In the plane streas analysis of circular plates wunder gelf equilibrium
oading conditions, it can be easily concluded that the displacement
:omponents v and v at the central point of the plate are equal to 2zero.
Tnerefore, the nodal circle parameters af the central point of the plate
Jecome

U =V =0 (12)

m,k m, Kk

These parameterg are then introduced into the analysis as prescribed Dboundary
:onditions through the application of the nodal line difference equations (5)
it the first circle adjacent to the central point of the plate.

The internal forces of the full circular plate are then obtained by
ipplying of the nodal line difference egquations (7) at any nodal circls except
:hat of the central point of the plate where the radius is equal to zerc. To
»btain the internal forces at the central point of the plate, special polar
:oordinates formulation of the internal forces has been derived from the
rartesian coordinates representation of these forces in a difference form.
considering this formulation, it can be easily conciuded that the contribution
>f the odd terms of the adopted basic functions are equal to zero. For even
erms, the following relationships are obtained

m

Wy = S l{reven® iy ] conus
N¢.k - B_R}H [ { vt (.‘1]2 } Um,k+1 ] coB m (13)
o = o T ({1 0P}y ] sinm
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NUMERICAL EXAMPLES

Numerical examples are presented herein to demonstrate the applicability
and the accuracy of the nodal line finite difference method in the plane
atress analysis of circular plates. The present noda! line finite difference
formulation i3 quite general and can be applied to the analysis of full and
ring circular plates for axi-symmetry as well as for non axi-symmetry loading
conditions either within the vplate or at the edges. In the case of
axi-symmetry problems, it can be easily concluded that the displacement
componant v {n the circumferential direction and the shearing force Nr¢ are
equal to zero. Only the first term of the wused basic functions (m=0) is
required for the analysis of such problems

In the followlng numerical examples, Poisscon's ratio, v, equal to 1/6 is
considered,

F PP | » ! P
— I~ T ! - 1 i - L j
R-04R[R R=04RrR 4. R=-0.4R[R
I B T B & B AN
(a} (b} (c) (d)
éiljI:lIl||||I\Ij[[\EE "lliiii%illl' ’¥‘||‘||||||||'rii
® ?
Fig. 3

Example 1: A full circular plate subjected to axi-symmetry edge distributed
load as shown in Fig. 1-a, has been analyzed. The analysis was carried out by
divigion of the plate into a mesh of twenty-ons nodal circles (Ar = R/20}. The
obtained results are presented in table 1 together with those obtained from
the analytical expressions (9]1. Due to the linear variation of the
displacement component u, complete agreemsnt is obtained.

b
W

Table 1 ; dimplacament and internal forcas

r NLPDH analytical [9])
A

u Hr H¢ U Rr H¢
0.0 0.0000 1.0 1.0 0.0000 1.0 1.0
0.1 0.0857 1.0 1.0 0.0857 1.0 1.0
0.2 0.1714 1.0 1,0 0.1714 1.0 1.0
0.3 0.2571 1.0 1.0 0.2571 1.0 1.0
0.4 0.3429 1.0 1.0 0:3429 1.0 1.0
c.5 0.4286 1.0 1.0 0.42B6 1.0 1.0
0.6 0.5143 1.0 1.0 0.5143 1.0 1.0
0.7 0.6000 1.0 1.0 0.6000 1.0 1.0
0.8 0.6887 1.0 1.0 0.6857 1.0 1.0
0.9 0.7714 1.0 1.0 0.7714 1.0 1.0
1.0 0.8571 1.0 1.0 0.8371 1.0 1.0

nmzmlur[_pwn P 3 PR/D P P
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tcample 2: The ring circular plate with the gecmetrical relations shown in
ig. 1-b has bheen analyzed. The vplate 1is subjected to an axi-symmetry
istributed load at the outer edge. In this analysis the plate was dividad
1to a mesh of twenty-five nodal circles (Ar = R/40). The obtained results are

regented in table 2 ftogethsr with those obtained from the analytical
soressions [9).

Table 2 : displacement and intarnal forces

1,

b ¢ NLFDH analytical [9}
B
u Hr N¢ u Hr (_ H¢
0.40 0.9771 | 0.0000 | 2.3749 | 0.9796 | 0.0000 2.3810
0.4% 0.9549 | 0.2503 | 2.1264 | 0.9671 | 0.2499 2.1311
0.50 0.9634 | 0,4292 | 1.9486 | 0.9673 | 0.4286 1.9324
0.55 0.97350 | ©0.5614 | 1.8170 | 0.9768 | 0.5608 1.820%
0.60 0.9915 | 0.6619 | 1.718% | 0.9932 | 0,664 1.7196
0.6% {.00133 | 0.7401 | 1.63%0 | 1.01a3 | 0.7395 1.6413
0.70 1.0393 - | 0.8022 | 1.5771 1.0408 | 0.8017 1.5792
0.75 1.0686 | 0.8%22 | 1.%272 | 1.0701 | 0.8%19 1.5291
0.80 1.1006 | 0.8931 | 1.4864 | 1.1020 | 0.8929 1.4881
0.5 1.4349 | 0.9270 | 1.4526 | 1.1363 | 0,9268 1.4541
0.90 1.1710 | 0.99% | 1.4242 | 1.1723 | 0.9553 1.4236
0.95 1,2087 | 0.9798 | 1.4002 | 1.2100 | 0.9794 1.4018
1.00 1.2477 | 1.0000 | 1.3797 | 1.2490 | 1.0000 1.3810
ultiplier | PR/D p P PR/D P P

‘xample 3: The ring circular plate considered in the foregoing example is
:nalyzed for axi-symmetry distributad load at the inper edge as shown in Fig,
~¢. The anpalysis was carried out by dividing the plate into & mesh of

wenty-five nodal circles (Ar = R/40), The obtained results are illustrated in
iable 3.

Table 3 . dispiacsment and intsrnal forces

[‘ r NLFEM analytical (9]
R u Rr N¢ u LN N¢
0.40¢ -0,6343 1.0000 -1.3749 -0.6367 1.0000 -1.3810
0.45 -0.5792 0.7497 -1,1264 -0,5814 0.7501 -1.1211
0.30 ~0.5368 0.3708 -0.9486 -0.3388 0.5714 ~0.9524
0.35 -0,5033 0.4386 -0.8170 -0.5054 0.4392 -0.8202
0.60 ~0.4772 0.3381 -0.7169 -0.4789 0.3386 -0,71%6
0.63 ~0.4562 0.2599% -~D.6390 -0.4578 0.2604 ~0,6414
0.70 -0.4393 0.1978 -0.5771 ~0.4408 0.1983 -0.5793
a.75 ~(.4257 0.1478 ~0.5272 ~0,4272 0.1481 -0.9291
0.80 -0.4149 0.1069 -0.4864 ~0.4163 0.1071 -0.4881
0.83 -0.4063 0.0730 -~0.4526 ~0.4077 0.0732 -0.4542
0.90 -0.3996 0.0446 ~0.4242 ~0.4009 0.0447 -0.4257
0.95 -0.3944 0.0203 ~0.4002 ~{,3957 0,0206 ~0.4016
1.00 -0,3503 0.0000 ~0.3797 ~0.3918 0.0000 -0.3810

| Mriietior ) W ’ A i i !
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Example 4: A ring circular plate has been analyged fo; the non ax;—symme;ry
loading condition shown in Fig. 1-d. The plate 1is supjected Lo two opQ031te
concentrated leads at the outer edge. In this analysis the plate_ wag divided
into a mesh of twenty-five nodal circles (4r = R/40).‘The analysia wag carried
out by using seven even terms of the used basic function. For this case of non
axi-symmetry loading condition the displacement component v in the
circumferantial direction and the shearing force Nr¢ are not equal to =zero.
The obtained resuits are given in tables 4,5.6,7 and a..

Tabls 4 : coefficients a for the displacement componant u u = a‘PR/D

r @

7 0 15 30 a3 60 75 90
0,4 | -2.479 | -2.131 | -1.260 | -0.204 0.730 1.402 1.633
0.5 | -2.310 | -2.14% | -1.2%9 | -0.193 0,766 1.421 1,632
0.6 | -2.359 | -2.159 | ~1.242 | -0.186 0.756 1.402 1.630
0.7 | -2.673 | -2,180 | -1.216 | -0.175 0.744 1.379 1.600
0.8 ~2.869 -2.195 -1.189 -0.181 0.730 i.363 1.569
6.9 | -3.150 | -2.179 | -1.173 | -0.140 .| 0.706 1.360 1,331
1.0 | -3.492 | -2.127 | -1.185 | -0.110 0.5671 1,371 1.486

Table 5 : coefficianta o for the displacement component v v o= azPR/D
¢ @

R 0 15 30 45 50 75 90
0.4 0.000 1.030 1.724 1,877 1,551 0.870 0.000
0.5 Q. 000 0,829 1.368 1,500 1,250 0.708 0.000
0.6 0.000 0.735 1.167 1.283 1.048 0.3681 0.000
0.7 0.000 0.566 0,986 1.452 0.868 0.490 0.000
0.9 0.000 0.565 0.763 0.823 0.676 0,385 0.000
0.9 0,000 0.362 0.480 0.554 0.458 0.268 0.000
1.0 0.000 -0.081 0,187 0.209 0.222 0.121 0.000

¥
Tabls &6 : coefficiants L tor the intarnal forca Nr Nr - aBP

r ]

R 0 15 30 a5 60 75 %0
0.4 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.5 Q.032 0.141 0.127 0,062 ~0.313 -.430 ~0.4%8
0.8 ~0.641 -0.127 Q.136 -0.031 -0.27% -0.423 -(.485
0.7 -1.453 -0.2%8 0.161 0.023 ~-0.210 -0.291 -0.382
0.8 -2.402 -0.230 0.102 0.086 -0.193 -0.114 -0.310
0.9 -3.451 0.0%0 -0.096 0.208 -0.258 0.118 -0,315
1.0 -4,138 0.318 -0.318 0.318 ~-0.318 0,318 -0.318
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Tabla 7 1 coefficiants @ for the [atarnal force N¢ N¢ = a‘P

r ¢ -

R 0 15 30 43 60 75 g0
0.4 4, 412 3,245 0.819 -1.444 ~-3.087 -4.074 -4,404
0.5 1,736 1.169 0.098 -0,896 -1,661 -2.143 -2.303
0.6 0,733 0.218 -0,370 -0,722 -0,987 -1.178 -1,235
0.7 0,163 -0.504 ~0.6%9 ~-0.,593 -0.527 -0,533 -0.516
0.8 -0.508 -1.207 ~0.737 -0.480 -0.126 -0.071 0.074
0.9 -1.,873 -1.683 0. 70¢ -0.287 0.216 0.389 0,569
1.0 -5.502 -0.860 ~0,991 0.260 0.181 1.188 0,681

Tablie & ; coafficients o for the Intsrnal force Nﬂp Nr¢- ocﬁP
r i —
8 0 i3 30 45 60 7% 50
0.4 9.000 0.000 0.000 9.000 0,000 0.000 a.000
0.5 0,000 0.934 1.129 0.931 0.638 0.324 0.000
0.6 0,000 1.143 1.195 0,981 0.879 0.333 0.000
0.7 G.000 1.224 0.927 0,794 0.53% 0,298 0.000
0.8 0.000 1.219 0.491 0.577 0,328 0.216 0,000
0.9 0.000 0.960 0.042 0.371 0.109 0.133 0.000
1.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000




viansoura Engineering Journal IMED) Yol. 4, No. 2, Dec. 1989 C. 37

CONCLUSION

Polar coordinates formulation of the nodal line finite difference methor
NLFDM for the plane stress analysis of full and ring circular plates has bee
presented. In this formulation, the twe governing partiasl different:a
equations are transformed into two ordinary differeantial equations by adoptimn
51mple trigonometric basic functions to express the displacement component.
variation along nodal c¢ircles on the plate. These ordinary differentia
equations are then cast into two simultaneocus nodal line difference egquation
by means of replacing the derivatives by difference expressions. Th
application of thess difference squations at each nodal circle results in
syatem of tinear algebraic equations. The adopted basic functions haw
uncoupling property; and therefore, the analysis can be carried out for eac
term of these functions separately. Morsover, the final matrix of th
difference equations has the property of banded matrices with small half ban
width. This leads to a conaiderable reduction in the core storage anmc
computation time, Numerical results obtained by using the obproposed technique
have been compared with those of the analvtical solution. The comparigon has

shown a very close agreement which indicates the validity and the power of th
method ., .

APPENDIX I

NOTATION

u, v = radial and tangential displacement components,
Um'k. Vm‘k = nodat circle parametsrs.

R.R « inner and outer rgdius of circular ring plate.
r, "= radius of any nodal circle k.

ar - coq?tnnt digtance in radial directien.

E - modﬁlus of elasticity.

t - thicknaga of the plates.

v = Poisson's ratio.

D » in-plane stiffnesa of the plata,

P, P¢ = rad{al and tangential lcad intensity components.
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