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LAMINAR FLOW BETWEEN COAXIAL
ROTATING CYLINDERS
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ABSTRACT

Theeoretlcal investigatlon concernlng the hydraullc reslstance

an annulus of concentric rotating cylinders is described. The axial

and tangential velocity distributlons wvere introduced. The annulus
assumed to be long enough and a uniform purely develoged laminac
is considered. Flow parameters, except the pressure are assumed
functions of the radlial distance anly.

Rotation affects. the friction coefficient and both axial

tangentlal veloclity distributlons. The governing factors are the speed

ratio, radii ratio and angular veloclty ratlo.

INTRODUCTION

The study of fluid flow between two coaxial rotating cylinders is
of great importance Iin many industrial appllcations, some of these are
the coeling sygstems of rotating machines such as gas turbines,
electric generators, motors, etc. Also the journal bearing and the
flow between the staticnary and rotating parts of axial flow turbo
machines and the flow ln the zlsing line of deep well pumps belong to

this type of flow i{1,5]).
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Most of the numernus investigatlons dealing with thls problem are
conc=zrned with fipdlpg the fleow zattern at the antrance ragien
{3,7,10}). It was found that the veiocity distribution depends ¢to a
great extent on the axial distance. [f the annulus is sufficiently
long, the tangential velocity profile further develops and E£finally
reaches the fully developed state with a Couette velocity profile
independent of the axial position. Kaye and Elgar (1] made an
lmportant contrlibutlion to the understanding of the regimes of f£low In
a concentric annulus with inner rotating cylinder. They showved that
there are four distlinct flow reglmes; purely laminar, laminar £flow
with Taylor wvortices, turbulent £lov with vortices, and purely
turbulent flow. The ©boundaries of the regimes were conveniently
tepresented by a plot of axial Reynolds number versus Taylor number.
astil)l [3] showed, Dy means of a smoke visuallzation technique and hot
wire measurements, that transitlion in a tangential developing £low
starts near the rotating lnner cylinder as osclllating waves within
the tangential boundary layer. He also developed a unique stabllity
criterion, which is a Taylor number basad on the tangentlal boundary
layer dlsplacement thlckness.

Abdul-Kader and Surceh (6] studied the fully developed turbulent
Elow in a concentric annulus vith the inner cylinder rotating and a
steady axial flow taklng place under a constant axlal pressure
gradient. Axial and tangential veloclty distributions were obtained.
Coney and El-Shaarawi (7] studied numerically the developing laminax
flow Iin the entrance reglon of concentzlc annuli with rotating inner

cylinder.
Turbulent helical flow 1in concentzric cylinders wikth Eine
clearance was studied experimentally by Gelhar and Monkmeyer [4]. It

was found that the axial ‘resistance expressed as a discharge

coefficient is a function of Reynolds number ,based on axlal and

tangential velocities ,and alsc a funection of the clearance ratio.
Turbulent flow in axially rotating pipes was studied by Mitsukiyo

and Kouji [9]. They studied experimentally the changes in £flowvw
pattern, together with the hydraullc loss within the pipe. It was
found that increase of plpe rotation continucusly reduces the

hydraulic loss and gradually changes the flow pattern from a tuzrbulent
type to a laminar one. Selichi Washio et al [11l] studled the wave
phenamana in ceaxial plipes. They found that there exists an egulvalent
single pipe which can simulate a double pipe for its vproperties of.
vave transmisstion

A finite difference scheme was developed (101 for solving the
boundary layer equatlons governing the laminar free convection flow in
open ended vertical annuli with rotating inner walls. It was found
that heating the inner surface has always a stablillizing effect, while
heating the outer surface has elther destabilizing or stabilizing
effects.

The present study deals with theoretical purely developed laminaxr
flow in a long concentric¢ annulus for the most general case, when the
inner and outer cylinders are rotating in the same or different
directions. Steady axial flow is assumed to exist under a constant
axial pressure gradlient. The objective of the study is to obtain
analytical expressions for the pressure drop and veloclty
distributions across annulus with rotating walls.
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FUNDAMENTAL ANALYSIS

For the stsady flow of Incompressible viscous Zluld, in the
absence of body forces, the basic equations ¢f motion and contlnulity
are:

z - 'momentum egquation:

Av, By, 1 dp 2y, 1 vy, Ay,
Fovg = - — + | —u F — + ]

Br Bz 9 Bz Al r dr Azt

vr

t _ momentum egquaktlon:

Bvy vy vg 1 dp ( ’bzvr "3 ( vr -
vy + vy - — - — + +
Br dz r L “ar el Br  r
szvr 1 (21
+ e e
2l
9 - momentum egquatlon:
aVe vYrVe aVe v azva B va -32\.-'3
Vr ¥ t vz = + { } o+ )
dr r dz 3c? o x 32°
......... P e

continulty equation:

‘E\fr V‘E d-b\.fz
+ o—

‘31: r ’BZ

[}
=
.
.
—
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where ; 1,6 and z are the radlal, tangential and axlzal coordinates
respectively. v,,vg and v, are the veloclty components Lln radlal,
tangential and axial directicns respectively. p is the pressure, } is
the kinematic viscosity and g is the £luld density.

Assumptions are made that the annulus is long encugh and having a
fully developed uniform laminar flow, the Elow parameters, except the
pressure, are function of r only. The preasure is function of r and
also of axial directlon z. Based on these assumptions the radlal
velocity component vy = 0 for all values of r. Equatlons (1), (2) angd
{3) can be reduced to the followving simplifled form:

szvz 1 By, 1 dp
Vo ~35 t — ) —_—
Y r Br 3 “dz

e e e e dS)
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¥ith +the annulus having inner and outer radii ry; and )
respectively, and the inner cyllnder is rotating with angular velocity
wy while the outer one ls also rotatlng with wy, eguatlons {%),(6) and
{7) are subjected to the following boundary condltlons;

vy = 0
at r = ry [ ]
vg T VWiry
..... seamaranaaai8)
vg = 0
at r = K3 [ }
Vg = W3ary
Solving equation (5) glves
1 'Bp 2
Vy = e—— r” + Cy 1lnx + Co e =D
4U Jz

Using the boundary conditlions (8), the censtants ¢f integration
€1 and C; can be easlly determlned and eguatlion (9) is expressed In
the feollowing form:

2 2
1 3p 3 1 Jp frz ~ ry1) 1 —Bp 9 2
Vg ¥ —— o 4 —_— Inr - — (ro + rpl) -
au oz 4 dz 1nlry/ry) BL Oz
2 2
1 Bp {ro - 1)
- 1n ryr9o B R
8p oz Inizy/x2)
After sdme arrangements equatlon {10) yields to
~ Y3 2
1 P 2 ry ln(r/ry) - ry ln(x/xr3)
Vg = —— r’ o+ veeaaa (11D
41 oz

ln (ry/rs)

Eguation (1l) exactly expresses the axial velocity proflie of a
steady lamipnar flow in an annulus.
80lving equation (7) glives

Vg = €3r + Cy/r i e veeseaes (12
Applying the boundary conditions (8), the constants of

integration C3 and C4 can be obtained and the tangentlal component of
velocity vg 1s written as follows;
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The hydraulic losses can be deduced using the disslipaticn function,
vhich 1ig defined as the dissipated energy in a uait volume pexr unit
time. The dissipated function is written in ecyllndrical coordlnates in
the following form [8]:

_avr 2 1 Aave Vi 2 ,sz 2
d¢=u[2( )5+ 2 + | A | 7+
¥ r 08 r =z
1 sz 'Bve 5 -bvr -sz 2
+ {— + ) & { + ) +
r .Y o=z Lzz ‘Br
_BVB Vg 1 _Bvr 2
+ - + ) J 2n r dr dz e 14
}I T r BB

vhere d¢ 1is the dissipated energy in an annulus of radius r and
width dr having a length of dz.
Based on the above wmentlaned assumptions,the radlal component of
velocity v, = 0, eqguation (l4) can be written as follows;

-BVZ 2 -b’\fa Vg 2
do = 1u [( )+ - ) ] 2n r dr d=z I & -]
—Br —Br C

Substitute the valuea of v, and vg from eqguations (11} and (13),
into eguation {15), then

1 dp ¢y cy 47 Cy 2
d ¢ = {[(———— 1(2c + - )] + [2 7 } } 2r r dr dz
i z 4 r r
2 2
1 —Bp 5 Csg Cy
d ¢ = [—————— { )} (dr” + 4Cg + ]+ 4 ] 2n r dr dz....{16)
16u2 faz r2 rq

where Cg = £y - Cp

To get the dlssipated energy per unit time in the whole volume of

flutd flowing in an annular space between £wo coaxial rotating

cylinders of zadll rj and r7 lan a length 1, the above eguation must be
integrated as follows;

1, 9 1 2 2 2
/ // % P Cs €4
t = de = [ {—) (4r” + 4Csr + y + 8nuou dr dz
164 - r rd
o Ty 0 ry
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intreducing the values of C4 and Cg, then
ml 8o 2 4" 4 (r% - ri) ’ r% rg 2
b = o ('Bz ) [ {ey - x) + __I;_;—__ + 4dr u 1 ;E—t—gi (wy - w3) ]

vhere m = ry/rp = radil ratle

The dissipated energy in such case 1ls due to energy loss caused
by both longltudinal and rotational motlon of the fluid. This enezgy
loss can be expressed ln the following form;

= Q. dp + T.w L. P A 1 -

where @ 1s the volume flow rate through the annulus
dp 1s the pressure loss caused by frictlon due to axlal
motion of the fluld in a system of length 1. !
T 1is the torgue required for rotating the fluld contained
in the system with a relative angular veloclity w.
The filrst part of the right hand side of egquation {18) represents
the energy loss due to axial motion, while the second part represents
that due to rotatlon and lt can be expressad asgs follaws; .

U}f 3V9

T w = £ [T ) 2w r, dz wp g N 8=
n=1,2 o dr

where n referxs to the cyllinder; the lnner one 1Is represented

by n = 1 and the outer n = 2
Substituting vg from equatlon (13} Into eg. (1%} glves:

Cq 2 Cy 2
T.w=2mnpl [{(Cq - 7 tworz + (Cy - 5 twiryd
Iy ‘1

Introducing the values of C3 and C4q4 In the above equation, and
rearranging, i1t becomes

2 222 2 2
{rg + rydlvary - virg)
T.w 3 2l . (20)
(r2 - rzl
2 1

Substituting in equation (%8) with the value of T.w shown ln (20)
and putting Q.dp = Vr(rp” -ry;"} ¢ 9 hy, where V is the mean axial
veloclty in the annulus and hy is the head loss, then
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2 2 2 2 2
nl hy 2 4 4 {rg - x1) tyry 2
{gg —_) [{rg - r3yi + »——————] + dnul[——z————z— (wy —wzl]
Bu 1 ln m {c, - 1)
1 2
1 2 2 2 2 2
2 2 {ra*ryllwyry -wiry)
= V.wi{zy - ry?} g.g.h1.+ [ 3 5 ] 2updl. ., ... (21)
t, 7 F1

Substitute ln the above eqguatlon with the value of the hydraullc
radius Rp = 2(xp -rjl), and Reynolds number Ry = o Vv Rp)/K, then
equation (21) glves

Ry hy 29 (1 +m%) + (1 -mé)/1nn 8 1 1 1
D [y -
64 1 e e {: - m) Ry hi Rpg {1 + m)
2 2 2 2 2 2 2
. [2{“1 - wol L1 + {rg + r1l)i{wy - m vl)] -1 =20 e el (022}

Selving eguation {22) for the value hy, ve get

16 1 v

hf # — — ——

Ry Rp 4

2 2 22 2 2 2 22
42 [€1+m P+ {1~ m"}/1n m] [Z(vl—uz) ry + (ri+zz2l)iwz-m ull]
v o+

(1 - m? . (1.+ m1?

(1+m%} + (l-m%)/1lp m

(1-m)° _
e e beesa422)
Equating the last equatloa (23) with the known Darcy's equation
1 v
h]. = >‘ —_—
d 2g

then the wvalue of the friction factor can be o¢btained 1In the
folleving form:

5 2 22 2 2 2 22
B [(l+m Y+{l-m }/1ln m] [2lw1—w2) ry+{ra+ry)ivo-n vl]}

1 +
\ 321 ¢+ v (1-m)2 (1+m} 2
Ry (lfmz} + tl—mzk/ln m
(l—m}igﬁ
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Intreoducing the walues « = (wi/w,] = angular veloclby ratie and
32 = iwgry/Vi = 3peed ratlo, then equatlion (24) becomes;

1+ 5
,} 32 1 . {l-m) {l+m)

Ry (L+m°) + (1-m%)/1n m

[(l+m21+(l—m2)/ln m] [2[a—l}2m2 +(1+m2)(l—uzm2) 2
|

(1-m?)

The frlctlen coefficlent A for a fully developed laminar. flow |In
an  annulus with both cylinders reotating can be calculated using
equation {25}. The following speclal conditlions can be deduced £rom
egquation (25}:

i) lamlpar flow in a stationary tube
Substituting the value of m = 0 and w; = wy = 0, Lt yields to:
64
;R = — e (26)
R

N
vhich 1is the known eguation for the Eriction ceoefficient in laminar
flew in plipes

ii} lamlipar £low in a stationary appuiug

Substituting wq = wy = 0 gives:
64 (1 - m)2
A= 3 5 Cieesaeanssaen (27)
Ry (L + ") + (1 - m)}/1in m

This equation 1s the same as that obtalned by {2}.

1ii) laminar flow in an annuiwus with loner rotating gvlipndex (wp = 0}

(1+4m2) + (1-12)/1n m Gz(l—mz)
1| I ]

32 1 + (].-m)2 (l+m)2
A - 5 ; .. (28)
Ry (1+m°) + {(1-m“)/in m
ll-m)2
¥iT)

where 03 is the speed ratle = ———
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iv} laminar flow in an annulus with outer rotating cylinder ( w; = 0)

2
(1+m%) + (1-m?)/In m 2(3m2+l]
v ] )
,\ 32 1+ {1-m) {l1+m)
= ———— ve.-. (29
/ Ry (2+m) + (1-m2)/1n m
(1-m)?
w2r)
wvhere (9 Lls the speed ratlos —
v
v) laminar flow in an aanulus with lpper and outer rotatlipng cylinders

at the same angular velocity jn the same direction, ( w; = w3 = w )

(1+m%) + {(1-m%)/1n ®m 2(1-nh
VR : ] |
32 1 + - {l-m) {1+m}

Ry (1+m2) + {l—m2]/1n m

(1-m) 2

\frz
where # Is the speed ratlio =

v

vi) lamipnar flow ln an anpulus with inner apd gutexr gyvllinders rotating
at the same angular veloclty bhut in opposite directions;
{ wy = - wgp = |¥w])

2.5

(l+m2) + (l-mz)/ln m 2{1+4m
1 + [ 5 } 3
32 1+ {l-m) {l+m)

;\ - e : .. (31)

Ry . (1+m%) 4+ (1=m%)/In m
(l-m)2
axia)l velocity distyibutlon 2
“dp pIm 99 v
Introducing the value of = = inte equatlon
Bz 1 Rp 29

{11} and rearranging, Lt ylelds to;
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2 2
1 0g v? [ 5 r2 Inf{r/ry) - ry Inle/ry)
[ = - +
Z e
i1 Rp 2qI In fxy/rp) ]

Vo C T 2 In (z/r3) - 1n (z/x273)

- . [c " ] e (32
v 32 (L - m) ry In (m)

where C = }\RN

RESULTS AND DISCUSSIONS

A computer program was constructed to solve the above obtained
expresslions for the coefflcient of Exliction and velocity distributions
across an annulus of rotating cylinders. Below is a sample of the
obtained results.

(1) Coefficlent of Frictlon with Rotaking Waills

Figure [1) shows the relation between the Eriction coefficient
ratlo (A/f) and the zadil ratlo [(m = z;/r9) at different speed ratios
( B3 = wora/V ). These curves are obtained €or different angular
veloclty ratlios ( o« = wi/wz } rangling from - 1.6 to 1.0. From these
curves it Is c¢lear that for negative values of angular velocity
ratio, l.e. for hligher angular velocity ratlos, the coefficient of
friction 1is higher than that at positive angular veloclty ratios. It
ls also clear that lncreasing radii ratle lncreases the friction
coefficient ratio for negative values of angular velocity ratlos, i.e.
vhen the two «cylinders are rotating Ln opposlte dlrections. For
positive angular velocity ratios the friction coefficient decreases
with lncreasing radii ratlo.

Values of friction coefficient ratlo against the speed ratio are
shown In Fig, (2} for radii ratios of 0.5, 0.7 and (.9. From these
curves it is evident that increasing the zpeed ratio Iincreases the
friction coefficlent ratlo,

The effect of rotation of inner cylinder only , i.e. when wy = 0
is shown in Fig. (3}. It can be notlced that the frictlon coefflcient
ratio 1is always greater than unity, which agrees wlth the results of
cteference [(7) for Inner cylinder rotation. Also lncreasing the speed
ratlo increases the friction factor, and Iincreasing radii ratie
decreases the Erictlion coefficlent ratio. This can be explakned as
ncreasing radii ratio decreases the tangential velecity gradient which
in turn decreases losses. Flgure (4} illustrates the effect of outer
cylinder rotation only, 1i.e. when wy; = D. In thls case also the
friction coefflcient ratio lncreagses with increasing the speed ratilo,
but lIncreasing radii ratio has an opposite effect on the £rlctlon
coefflcient ratio. Increasing the radil ratio increases the rotating
area which tends to increase losses, therefore in this case ( w3 = 0 )
the friction coefficlent ratlo increases with increasing radil ratie.
The effect of speed ratio on the friction coefficlent ratio for
different radii ratios when only the inner or the outer cyllnder Iis
rotating 1s shown in Flgs.(5) and {(&). It 1s clear that for both cases
the effect of increasing the speed ratio 1ls always te increase the
friction coefficient ratio.
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Axial and Tapgeatial Veloclty DRistribufions

Flgurss (7} to (10) show the axial and tangential wvelocity
distributions when either the lnner cylinder or the outer cylinder is
rotating and when ©both cylinders are rotating in the same or in
opposite dlrectlons. The results In these Flgures are provided for a
wide range of the radli ratio ( m = rj/r5 )} and for different wvalues
of speed ratio {8 = wr/V ) and at different values <¢f angular
velocity ratio ( o = wy/wg }.

The axial velocity distributions indicate a trend in the shift of
the polint of the maximum veloclty towards the axis of the annulus as
the radii ratio becomes larger as shown In Filgs.{?7) and (8}. Also It
can be notlced that increasing radll ratlo has a small effect on the
axial wveloclty distributions. The same results can be noticed L1n
Figs.{(9) and (10} when only the Llnner or the outer cylinders Iis
rotating. However for inner cylinder rotatlon a noticeable change 1in
the axial wvelocity dlstributlon near the rotating wall can be
observed, whlile no significant change can be noticed near the
statlonary side as shown in Flg.(%}. When the outer cyllinder s
rotating only a noticeable change near both walls is indicated as
shown in Fig.({10).

The tangential veloclty distrlbutions for all the abave cases are
shown in Filgs. (7) to (10). It can be notlced Lln all cases that there
is a =zone in the middle third of the gap, in wvhich the tangentlial
veloclty varliation ls almost linear and outside which the varliation is
more rapid. These results ceonslderably agree encugh wlth that
obtalned in reference [6)] for turbulent Elow in an annulus with Iinner
wall rotationm.

CONCLUSIONS

Lamlnar flow in the annulus of concentric rotatling cylinders vwas
investigated theoretically. The frlictlen coefficlent, axlal and
tangentlal wveloclity distributions were introduced. The results are
summarized as follows:

{) In general for laminar flow in an annulus of rotatling walls,
the coefficlent of friction is higher than that for statlonary walls.

(2} Increasing both speed ratio { wr/V ) and relative angularx
veloclity ratie (w;/vp) increase the friction coefficlent ratlo,

{3} The friction coeffliclent decreases with lncreaslng radlii ratlo
wnen the JInner cylinder s rotating only, whille for outer cylindex
rotation only increasing radli ratic has an opposite effect.

{4) Axial and tangential velocity distributions were introduced for
2 wide range of radil ratio and different speed ratiocs at different
angular velocity ratios.

{3) The maxlimum value of the axlial velocity tends to shift towards
the axis of the annulus wilth increasing radil ratio.
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NOMENCLATURE

C1,C2+jconstants of integratlons.

C3,Cq
Cs Constant = C; - C3
£ Coefficient of frictlon for laminar flow in statlonary conduit.
by Head loss.
Plpe length.
m Radii Raklio = rj/rs
13 Pressure.
Q Discharqge.
r Radlal distance.
t1,r7 Inner and outer cylinders radii respectively.
Rp Hydraulic radius.
By Reynolds Number.
T Torque.

v Mean axial velocity.
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7 Mean axial velocity.
Radlal velocity,

Axial velocity.

Tangentlal velocity.

Axlal distance.

Tangentlal coordinate.

Kinematic viscosity.

Dynamic viscosity.

Density. .
Disslpation function.

Angular seed ratio (wy/wpl,

Angular speed.

¥1.¥2 Angular speed of inner and outer cylinders respectively.

[y s

£ R 8D e mchf

A Speed ratio { wr/v ).

Ay Speed tatio based on the lnner cylinder = (wyzri/v).

3 Speed ratic based on the outer Cylinder = (wyry/v).

A Coefflcient of E£riction for laminar Elow in an annulus of

rotating valls.
A/E Coefficient of friction ratie.
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