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I\BSTnflC1' : I\n al'gorlthm Lo; pre~e"t~d t o SO )'/(l tho probll?;nl of 
stabltl z. ing llnour tlnm tn vat' l nnt dir.c ce t~ 1'>ys t-.ems \J~ill a out put 
f~€Id b8cl{.The algorithm is ha.!;od o n t r'a llSfOCl11inG t.h~ prC'b )e rn into (I. 

fun <: tio n()l , a d edvod s-uffl.d ell t-. cOl ,dL t..J ., n r('lr ~t8uJli ty, to bp. 
m1lllml7. ed us1na IIcmlll1\!i\r o pt..jl'll ?,~t. .' o ll tflch n\'quo ;, An 
ltllls trntive exomplo is g1"'011 t o ~llpl?ort \.bao rotic1\l 
i n'vqs t.1g li t lons . 

I . WTHODUCTIOH: 
The> regulator or feedbnck s t.;\hU1 7.Il Uot\ pro b l em is th e. hn!;lc 
problen1 that contro l th~C'>l'Y ill.t <? l1t('>t.5 t C'> 50 1. \'0 , I1il n y d oe;,gn 
pt:ocer.lur(l'\s can Old)' be i nJt jnt, € <J ", r t.p.r 1) " omi nal ~t i1bJ .l1? lng 
controll nr h(l S be~n found . n ~C':'lntb· • Lh t: " c It ;!; b~en a l o t.. of 
Ilct. l vl t-.y 1n tho Dces o f s tat" r eodhlld: ~t;-, hlll 1.il U (')n of di,";cret.e 
tl1Tt~ contro l srstc m i' l) 
ff not all stnt~ vDriobl~s ,'lr.~ E)"o :l..1ablu, e,'S J ~ llsually th03 CAse 
in pr.,r::tio::o,hecIJ1J50 AJ th e \' SOfll P. of tllr:1II1 a r e no~. "cce"sibl~) or the 
co:o;t. l!Hll(e.o; it ImJ:lr o.C!ttc1.1 1 for Lll ":) t1 c !i:le"~t: 1; " Iltlllze rnQ .1 s IJJ ' ll'O: 
dovlcfl::' f o r evon· st.nt.a ' v/lrJDhl ..... Tl,J. :; 1 ~ ' 111 out pu t f r ' (Hlhnd-: 
stobU 17;8.t10n problem . Ifl lhi:J CO$ O !J ~'H:d l ctl o •• ~!;, t. i mi) t o r , o r 8 
current estl.malor (1) i n u~ fld ' ;0 " C'c-:on ~tl"\} ct th~ ~l.,te v ect o r to 
impl'!lIIent D fe6dbocl~ con trol 1 t,,"I . Such es ti mll tn \'s , h owo·J·!t" . tlt'e 
dy n Llmi c 1n n"turo ond usu ll lly ~ f h i.~ h ord l) \' . thus t heir u ~~ i.e uo t 
prl1ct l co l u hon ·tho d o!: lan('lr 01 (\; 11 :-: \-d U, a hlt~ h d l lll ., u :;.lo ll a l ~~ y !".t."'III . 

However, <!)xcept for ve ry ~ P6c lnl cv.~n~, th (> I.'''': 'l.!'€l 110 1l1H\].yt.lc 
solu tIon aval l able t o Golve the s t.{.b l ti zatl0 " probl e m Hil e n t.h~ 

con t r o ll e r s ord ac 1 s limited to .. L'H' fix ed v" lll e. EY.. ilSiJnij: 
soluti olls to stob ll1 z;at..ion problf;:111 eMl onl)' bellf~rate COl1tro llors 
that are o f high onough order th"t arbltr8 1'y pole pl"coment 
becomo s po~r;ible (2) . In g e nera], (111 thr~ 5e d('51J; n I"At.hot1~ geno')l"ate 
Un1l6 CO!;\:lIH1ly high order con l rollel'$ if s tnl>U \ l.n tl o n ts t.II'..l onl y 
roquLrel11 fl nt. E::t.Ol1:livo r e~OIl I'cl l },. l h o p l" ohl~", o f de~ J glIl ll" l OH 
ol'del" cont rollf.lr5 hll 9 b(l c tl d o no b}' ron ny l"<3 !".eor.c h o r!'. [ 3 ,1.5 ) , Th e 
la~t ()pproacilE'ls [<\,5] fall luto lho elfl !'>~ of modo1 {'("duc t. i o n 
prohlems . ~ , 

Th e .'Jls() r 1t.hl1i thJ)t 1 5 slven d~ p('J 'HI ~ a ll th e p" t"lunot.er l :-.;l t l o n of 
th", output. foodbncl-: ""t f' b J ll u lt .loll pro"1 '~ 1TI. III r. ec l: I. .., .. T I , t he 
o utp.)t 'feeclhock !!-t"bl1iz;utioll pro hlem l ~ r Ot' nlull)l~d n :5 011 
opt l w17.ntlon proo l Qm , ontl soctioll III de s c dhos h';)1> t. h fl chose n 
objec t. lv 'l fUl1 ctj,,; .. n C(1fl ho mini mt =""([ itnrllt..l·, ,,, ly lJ 'l' i.nl1 11 groJlollt. 
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type minimization Illgorithm 
oxample Is given. 

In section IVan illu5tration 

II. OUTPUT FEEDBACK CONTROJ,r,ERS 
Consider the linear time invariant plant, 

K(t+l)= A X(t)+ B U(t) n .-.m ~ R" XcR,U.-;u,Y., (1 ) 
y.(t)= C X(t) 

cascaded wi~h static output feedback controller 
U(t)= F Yet) (2 ) 

Notice thll:t generalization to dynamic compensat.ors of oxder p cnn 
be easily c~st into a s-tatic output fee dback problem. 
The closed ~oop system is given by 

X(t+1)= CA+ BFC} X(t)= G x(t) (3 ) 
Let It denotes a symmetric set of n complex numbers(i.e. complex 
numbers occur in complex cqpjugate pairg) and let 

F(A) = { F/F c Rmxl,:\(G~ It -.} 
where :\ ( .) indicates a 5et of eiffen values. 'l'he 
problem is that the specification ()f A to be simply 
region 0 c D (the unit cirale of c(mter orin in ). In 
determine the family 

F(n) = {F/ Fe lflXl ,A (G) c 0 c D} 

(4 ) 
!Jtabili~~rtion 

D. con_oected 
othor word~ 

( 5) 
Thi5 3GabiliBation problem haa a oolution if nnd only if 

peG} < 1 
whore p{,) i!J the 8pectral rD.diu5 of (,). The problem is 
the matrix F 3uch that: (6) 13 satisfied. One way of doing 
to minimiz;e 

(" ) 
to find 
this In 

J= peG) -1 ('I) 
by letting A.(G) range over the region neD .1'1 ~olu'tion to t,he 
stabilization problem is aohi eved if and only if J be comes <0 
Minimizing J can be carried out by any otandard nongradlent type 
optimiz:o.tion subroutine .For reasons of speed Bnd accuracy of 
solution of this minimi~atlon problem, it is p r.e ferable t o U!JC a 
gradient based algorit hm. For thi:'! p u rpose, the closed fo rm 
oxpression of the gradient of the object i ve Iunc-t.ion J wlt,h 
rC::1pect to tho variable matrix ]' i~ evaluated . 'fhose detnil~ arc 
given next. 

III. STABILIZATION ALGORITHM 
The gradient 8 J/aF ,where J i~ 
obtain. An en3Y expre~Blon can be 
another objective func'tion 

given :in ('/),1::1 
dcrivod :iJ J i5 

dH:ficult 
roplll.cnd 

to 
by 

J*:-: " G ~2 -1 
* when J becomes <0 ,thirs represent:;; only a su.fficien't 

for stabllity . Whore II (.} II i~ the Eus:Lldean norm of 
'l'~eorem: Given the objective function J in (8) ,the 
J wi th respect to the independent ma-trix F is 

a J*/ 8 F = 2 BT( A+ BFC) CT 
Proof: 
From (8) ,we havo 

(6 ) 
conditi.on 

( . ) . 
gradient of 

(9 ) 

* T J = tr {G G } -1 
where tr(.) denotes 

( 10) 
the trace of (.) and the 3uper~c ript T is the 



matrix transpo:JO. To compute aJ* /fJr-' , G in c ha.nnotJ t.o G+ 6 G and 
tho first ordor Cht.HlJle i~ 

l'.J*:-tr(B .I'lF.C) GT+tr(C)(O .• lF.<:)T 

T =2tr(G) (B.AF.C) ::: 2 
Than tho aradient matrix 

l' 
t: rC.G " .AF 
10 aiver. by 

OJ*/ "[0' :::2Sl'(lI+DFC)Cl.' Q.E . D (11) 
ThQ ocgotivit,y of the functional (tI) 15 a l1urficjt ~ nL c o o()ition loT. 
nt-ability, consequent-ly it give!! unneC(I!!.l1l'lrl1y hll.th nain!) for the 
f()edbacl< matrix F. '1'0 overcome ' l ;hJ~ di.f:ficnl t.y, t.ho functio nal (8) 
io reducf:(.l i terntively and in each iteration , !1to.blJ.l t.y check (71 
1!l carried out. 

IV . AN ILLUS'rRATIVE EXAMPLE 
1itabH1ze. 

X(t+l) 
... bet"e rO 

/1= L2. 5 
c= [1 

tho !lystolll 
= AX(t)+DU(t), y(t)=CX{ t) 

~l fl; [~] 
OJ 

Froll! 
Froll! 

• 2 
(0) . J*:::O . 25 +5 f+f -1 
(9) • "J 1"1=2,5 .. f :::0 
f = -2.5 

V. CONCLUSIONS 
1'h'~ rQ:!IIult~ u:lven hero 8T(: ::llgod l;htTI i c: .In nat.ur o . The Lll1to.r. t t .hm 1.5 
v(')ry !lilDPle nod Ilttr.lllotive to !;olve t,hCI '[>roblcl1I o f OU~ Pl1t. f.ec,lb~ck 
stabiIiz.-,\t;ion for di!Jcr(~-te :J )':'t(!TJ:~ . fLtl am' ,·, (;.h 1'! T. r.)l,· t:J.ll\J.~nt. i otl 
technique the :lolu·t;\on depenu:l o n the number o f il;f)r,)t i oJl:J anrl I:IJCl 
lo1t;'nl conditioll!3. ~t"rt6d with . 
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