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So l uti.o n of Paz:apol ic Navie[-Stoke .. Eq uat i. on:; for Lami na e 

FOt"ced Convective Flo ..... in Entrance Region of a Pla t Passa ge 
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AbstrBct- Due to dependence of f o rced corLve c tlve Ilea t 
transfer on the hydrodynamic flo .... field; a ny ~nlp[oveme nt o n 
the a nalysis of th I s fl o .... fi eld Is of qreat Impo rtance to 
understand the heat transfer pro~ess. In thIs work the (10 .... 
field Is described by the parabo li c Na v ler-stoke s equations; 
... hich ace solved by l ocal non - si milarity 501utlolo - nlethoo. 
Acco r di nq to thIs nethod; IJl.th ~u ita ble definition o[ the 
p r oblem v6[iables , a set of ordinary differential equati o ns 
a r e produced. This set l ~ so l ved, numerically, by 
Ru nqe - Kut ta method accolll paniel) wi th ti h out i n~ me t huu of 
bo und a ry v a lue prob l ems. 

The value5 o f l ocal tl u !.L~el L n umb e r a Ill) 
coeffici e nt of fric t ion are cal cu lat e d fo r (luld s of 
number of one. Some passages o( Reyno ld :s number(Re, . 1 

200 & 300 are studied here. T ... u (o llnu l ae o f N u ~:se lL 
Eor different passaqe height s ,H:~ Pl vpv:H:d . 

1. Introduction 

i(.rcal 
Prandtl 
of 100, 

nUIII I><: t 

Good understanding of convective heat t r an sfer problems 
1s d ependent, .pr i nci pa ll y, 1,) 11 qvou ana l ysh of the 
hydrodynalllic flolol field. The d~ve lo"emenL o f hydr odynam i c 
fl olol fi e ld I I I combined enttanc~ (c~ion of a duct ~a~ s Ludl~d 
by many Invest igator5. I{..ikdl..' and Yenl::t (2) ~u [ vcyed 
different methoa s developed lv ~(.tlvE: t h e prob l em of laalnat 
( o rceu convection in comb i ned entrance region o f a duc t . 
Wasel 141 made a local simIlarity s olution of lamina r for ced 
c onvection in entrance r egion for flo~ bet~een t .... o pi:lta l le l 
plates. 
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In those .... ork s , the h ydrodynam ic fl o.... H e ld vas 
d e scribed by boundary laye r equa t ions. Rect:!l1tly, lia s e l [51 
ma d e a solution of the fl o .... field bas e d on the parabollc 
Navier-Stokes equations [I). AccOtd~ng to l he used me t llod In 
hls soluti o n some teems in modd ied qove rning e qual:l.ons .... e te 
dropped. In present .... ork, a n im~rovemellt of hi s solution is 
made by solving the governing ~qua tions uf t he ~ro~lem ~y 
loca l non-simtladty solutlon method [ 3 1. Be cause of the 
nature of the g o verning equations and of the u!> eu Lec hnique, 
tile solution Is carried out in step by step manner. 

2. Go verning Equations 

As s ho .... n in Fig. (1) the l il mindI fl o 'W beblC! e n two 
parallel flat plates Is cons ider eu . 'The uniform veloc ity o f 
appr oach, the tenperature and pl e ssure at i nlet uf tll~ 
p.lssage a r e denoted as u . .' T & r .. ,Ie::;pec tively. The height 

of the pa s:;age is taken as 2b. Wall t e mper a ture (T,) 15 

a ss umed to be constant. COflstant fluid prupertl e s ar e 
assumed. 

The go verning equati o ns c an be wr it t en in Ca r tesian 
co-ordinate x, Y as follo .... s: 

. u " v 0 [1 ) + • ,Jx "Y 

,'u 'u I :!l? 
, 

u + v ;;y • - + ; . :!-~ (2) 
. Ix . Ix ,)y / 

~~ , 
.IV 1 '..:ll,l ,) v 

(3) U ax + v + " " Y .Jy .iy / 

I1T (1T ,}-'T 
u . - + v :li

y
- =: •• 

• Ix y . }y~ 
( 1). 

[ 
.... here u a nd v are tl\ e ve loc i ty comp o nents in x- and 
y-directions, respectively, T d nd p a re t il e temperature and 
pre s sure of fluid. p, v and . • are t he d ens i t y , k inemati c 
v iscos ity a nd the cmal d!ffuS l vi t y, t E:s pe...:ti vel y. The s ec ond 
deri vative o f u, v and T with r e spect to x a (e assumed to be 
small compared .... ith oth~J: t er ms in equatlollo (2) - (1). 

The vel ocity profile at a n y pOo l t lon (xl I"U ~ t satisfy 
the continuity e~uatlon In l nt e gral form a nd hence, one can 
.... rlt e the equation; 

k 

.,J U dy = t u b 

Ac cording to e quatlon ( 5) , the 
similarity must be corrected to the 
produces a velocIty profile sati s fi e s 

( ~ ) 

velo c i ty at axis of 
proper va l ue, ...,hich 

this equa ti on. 

Oue to the simllatlty o f hydrody namic as well; th e rmal 
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flelJs about the ax l ~ of the pa ~;?'d g e , it 1:1 
solve the g o ve r n ing equation~ h oi'll one loIal l 
the pas sag e. Equations (1)-( 4) possess 
boundar y condi ti ons; 

u " v " 0 T " T a' y • 0 
" 

M. 62 

co nve.nient t o 
to llu:: 
the 

(.;enter of 
f o110 lolin9 

(6 -a) 

oJu 
0 u " u ;iy " ; T • Tu a' y • b. (6 -b) ., " 

To expres~ the 
f orm, o ne in t roduces 
f o llows; 

g overning equations in dimell s i o nles!) 
ney lndependent var tables .' , 'I a. s 

Further more , a dimens ionless 
pres s ure and temperature are 
£01 101ol 1n9 relations; 

,I) '" Y 

forms of 
defined 

(7 ) 

stream fUnctton, 
a. ccordinq to the 

(6 - a 1 

P ( ./; ,ry) ,. ( P'''.Y' - P" ) I ,'0 u? (6-b) 

(8 - c) 

where 'J'(x,y) 1s the stream function , .... hich 15 dt:fined suc h 
tha t It satisf ies the continuity ~quation (1). f« ( , q) , 
Pt(, ry ) and SCC,n ) are the dlmen3ionless f orm5 o f 
st ream functt on, press ure and telnperature, r espectively. 
Substitution of equations (1)-(8 ) i o to equa tI ons (2)-{ 4 ) 
leads to the fallovi ng d imensionless form uf governIng 
equatlon5 ,(~llere ~he primes deno tInq dlfferelltlatlon IoIlth 
respect to 1) an d the suffix :.- denotinq the differ en tiation 
~lth r espec t t o n 

2 f II ' f f" p' f'. 
, 

fll .p: ~ + + Y, • ;: f - , L P. (9) , , 

2 ') f "I + 2 f" + '1 f f" + f [ , - ., f • ~ - 4 r ' , 
Re,. P' " 

~ f ' f . f f . , , f. ( . f" + r - , [ ,. , , 

' I f' f ' , + 2 , f" r (10 ) 

2 " P G -t- ( f -t- { f ( J (/ - ;' f ' t; 
) " 0 {11 } 

IoIhere Reb i s the Reynol d s number bas ed on the half o f the 

pCl::3sage height and defined as Re .. U
o 

b I I .' , 
h 
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DefIning G as the der I vaUve of f .... 1th r espect t o ~ a nd 
neg l ectIng p { ftom equation(9), one can elel1l.1nate P from 

equatIons (9)-(10). The pro~uced equati on Is written in 
simple appearance as follo .... s 

a f'" + a E" + a f' ~ a f + a z 0 (12 - a) 
7. ~ ., ., 

where a , a • a , ~ and a ate coefEicient s intocduced t o 
i " ~ -4 ~; 

put the obtalned equation In 
coefficients have the following 

8 ~ 7. 
, 

a = Re, , , 

e' 
, 

a = • Re, 
" 

" = - ( 4 r." 

a : - ( "7 G' • 

+ 2 " ') 

f + " ') f + 2 

, 
Re, G' - .) f • 

simpler appea rance . 
definitions; 

, , 
•• + • r Rei , G + .- •• G 

, , , , 

" f + , +, G - ., r G 

a ., t: Z 
." G G' + 2 1; "1 G" ) 

These 

(12-b) 

(l2-c) 

(12-d) 

(l 2 -e ) 

( 12 - £) 

Accordlnd to the used technique o f solution loc~l non 

similar solution-method ( 3»), the detlvatlve o f f wIth 

tespect to e Is dealed .... Ith as a new dependent variable (G) 

and thus one needs another subsidiary eq uati oll. This 

equation can be ob tained by defferentlatlnq ~4uatlon (12) 

wIth respect to {'. The pcoduced equati on takes the follo .... ing 

form; 

b
l 

G'" .~ b;>. C" + b", c' + b ... C I b ... '" 0 (1 3 - a) 

.... here the coefficient b~, b"o/, b,,' b .. and b.
o 

are de£lned as ; 

b 8 (" 
, 

2 " = Reb + 'i , (lJ -b) 

b 4 ~' R< = , f , 
~ 

, 
f .. r' Re ' 

" 
G • r .. C (13 - c J 

b ~' 
, 

G' + 
, 

!' 
, 

G' : - ( 4 ReI,. " - I.' • 1 i . / G , 
12 . ' Re 

, 
f' + , , (lJ-d) 

b 16 { 2. Re~ f" " f" ?[' : + '/ + • , ( 13-e) 

b , = 16 ~ R< f '" + 8 , " Re 
',' 

f f" (13 -f) 

hcco[dlnq t o the definition of G and by n.eglecting t he 
derivative of e vlth respect t o ). , the energy equation(ll) 
takes the following form; 



Mansoura Engineering Journal (MEJ) VoLl6. No. 2, Dec. /991 M. 64 

2 Pi 0 " + ( E + f: G ) --,' '" 0 ( 14) 

Equations ( 12)-{1~) repre se nt a 
dlfferentlal equattons In f, G and rI as 
dealed .... Ith as a parameter. This system 
Eollovinq boundary cond1tions ; 

sy5te~ of o rdinary 
unk ovns and I;' 1& 

of equat Ions has the 

f ,. f'~ G = G': 0 

f" ." Gil ,. ~ .. 0 f':u lu at ·,) :!),. 
0 ." 

(is-a) 

(IS-b) 

..,here f' at Y) '., has to produce a 

condition 

ve l ocIty p:cofile satisfies 

the fo110 .... 1n9 

(IS-c) 

..,he:ce 111:) Is the va lue of the vat la ble ' I nt the center of the 

passage ( I) '" b {u 1 II X ). Equation (IS - c) Is detived 
, 0 

u s ing the definIti ons of dimensionless va riables; equat i o ns 
(7-6) & equat i on (5). 

3. NUBe .ci cal Procedure 

Accord ing to the local non - slndlarlty method ()I, the 
~odlfled governing equations (12)-(15) are solved fot 
dIfferent va lues of the parameter t. As it Is clear from 
equati o n (7) the va lue of C can be expressed In terms of Q~ 

«( = 11Y)b)' thus the solution of tile governing equations is 
carried out several times for different values uf 1/ and In , 
turn; fo r differe n t values of r. 

In case of forc e d convective flow, the momentum 
equations (12)-(13)& (lS) can be solved separate ly and then 
the solution of energy equatIon (1<1) can be car ri ed out. For 
certain value of {, the mUBer1cai ~o lu tiQn 15 carried out 
through tvo maIn steps. First; llie cons ide£ed 
eQuations(12-13& 15) are solved E~r a~3umed value s of £"(0)& 
0"(0) by Runge-Kutta method of ordinary differential 
e Qua tlons and then the solutIon 15 correc ted by shoot lnq 
me thod of boundary value probl.eIG5 to satisfy th t: bounda r y 
conditions at l1:n (f"(,) ~ G"(,) ) ~ 0). Second step; is to I:- h .. 

correct the obta1ned ve loc ity profile (f' versus 
satisfy the equatIon ( 15- <.:). This Is achieved by 
shooting method for second time. 

I" to 
usIng 

Knovlng the va l ue of f& G 
It Is done before, the energy 
conditions equations (11)-(15) 
manne r. 

for dlfft:r e llt val ues 
equatIon and it.; 
can be solved In 

of '.' ; as 
boundary 

s imilar 

When t he fields of ve l ocity anJ temperature have been 
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obtained, local Nusselt number (Nu ) and l ocal coefficient . 
of frlctlon (Cr ) can be determined according to the 

Eollowln9 defInItIons; 

,1u 
l y • O T • " .- ay v 

(l6 ) 

qv • h T - TOI • v 
(171 

where q~l s the heat fl ux at single plate of the two heated 
plates. Introducing the dlmenslonleS5 variabl es In equations 
(16)-l17). one obtains the foll ow ing expressi ons of local 
Nusselt number and local coefficient o f fricti on ; 

Nu I rRe ,. :)'(1;,0) . -('" . 
c 'rRe ., f"( l' 0) 

f {"-" • 

(18) 

( 19 ) 

where Re denotes the local Rey nolds nUlIlbe t (u x /..., ) Clnd Nu • • 
Is local Nusselt number ( h x/k ). 

4. Results and Discussion 

The calculations ar e carried out Eor three different 
passage heights according to the va lue of Re , (u b/.» equals 

• ? 

to 10 0 ,200& 300. Through these calculations the fluIds o f 
Pr=1.0 15 considered. 

Flq. (2) s hows the r e lati v lI bct .... et!n l oca l coe ffi ci ent of 
friction and local Nusselt number as defined In equatl.ons 
(18)-(19) versus the dimensionless distance along the 
passaqe represen ted by (. It 1s c l ear that no eff e ct of 
pa5s~ge hei ght on the value of c o~f ficl e nt o( fr iction at 
values of (>0.15. For Nus selt nu mbe r, In the s ame figure ; in 
genera l, the heigh t o f passage ha s no e H ect or at lea s t 
very ~mall effect through out the studied ra11ge of ~ . 
Consequently it is convenient to deri ve a formula fot: 
Nusselt nu ~ber represented by D'(O,() as a function of 
~Istance along the passage .... all r epr es ent ed by F . Fig.() 
sho ... s tva proposed formula e compa r ed ... ith the c al culat e d 
data points. They, mathemati ca lly, are e xpr ~s sed in the two 
follo .... lng re lations as; 

~, = 0.3028)6 ( + 0.))8300 (linear fi t) 

a' = 0 .3401 81 Exp (0.782 064 [: ) (exponential fIt) 

According to til e definition of Nus se lt namber as ve Il; 
coeffi c lent of frI c tion equatio n~ (18) - (19) and other 
var iables of the pro blem, one can obtain new relations after 
~ome manipolat1ons of the obtai ned nurnec ical results ( ;j ' & f" 
versus e ). Flg. ( 4 ) shows the It!latlons bE:tw~en Nu,l( and the 
diRen~lonless distance al o ng the pass age [ ( x/ b)/Re ~ Pr 1. 
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tluS3elt number (Nu ) lncre~~e s t3lJ1d1y ne.,!Ir the entrance of 
• 

the passage . then it increases lineatly for q[eate~ distance. 
Fig .(S) shows local Nusselt number based on the half o f 
passage height (Nu.","" h b/ k) veJ;SU5 uillleflsionil;!SS distance 
along the ~late (x/b). Near the entrance of the passage NU

h 

has ve ry lar ge values and suddenly 
asy.ptotic va lues (as it Is clear In 

drops and goes to 
case of Re

l
.= 300). 

FIg . (6) shows local coefficient of frictIon 
dimensionless distance (x/b) fot dlfferent values 
heights. For narrow pas3age (Re~~ 100) the 

coefficIent o f f ri ctIon is greater. 

5. Conclusion 

versus 
of passclge 
val ue of 

t he used technique In present work, presents a Simp l e 
posslble ..,ay to deal suffIciently wIth parabolic 
Navler-stokes equat i ons. In the same tIme, thIs technique Is 
suitable to be used to solve the energy cqu3tlon. According 
to the pr oper tran5for~atlon of the variables of ptoble m, 
tvo proposed formulae for estimating NU5seit number of 
considered problem are presented here. 

6. NOllenclaturc 

2b the passage heiqht 

c, , 
h 

coeffIcient of frIction, T / ,,'u~ 
, 0 

d i mension l ess strea m funct i on, 'i' / fUo •. x 

local heat transfer coefflclent, de fin ed by eq.(11) 

k thermal conductivity Q( flu id 

NUb -l ocal Nusselt number bas cd IJn I), hb/k 

Nux local Husselt number, 11X/k 

Pr Prandtl number, v/.-, 

hea t flux at the ~~ll 

Reynolds number hased on the hDlf of I;hc pass..lqe 
heIght (b), u .. b/I"-

Rex local Rey no l ds nUlllbet, U x/ .. , 

T temperature of fluId at general po~ltlon x, y 

To temperature of fluld at the inlet cross -s ~ctlon 

Tv ~all-temperature 

u veloc I ty co~ponent 1n x uirectlon 

llO velocity at the inlet of the passage 

the ve locity at t.he center o f the passa~e at a uy 
value o f x 

v veloc i ty component In y-dlrectloll 
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x co-ordinate along the low er wall 

yeo-ordinate normal to the lo~ct wall o£ the 
passage 

a thermal diffusivity , k hI c p 
l) d llllens Ion less illuepenuent .... at lable, y fUo/x 0-

I1b the va l ue of 'I at the center of the passage 

e dimensionless Independent .... ariable, ~ ~uo 
u fluid kinematIc v i scosity 
p fluid density 

dimensionless form of temperature, 

wall s!\ear stress ill x-direction 

(T-T )/( T - T ) o W 0 

V' stream fun c tion 
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, 

"" 015 
, 
~ 

1-
2b ua·Ta 
~ 

T ... ,""CtH .... L . 

= 
Ua . y 

T 

" 
~ - --- - --- -

1-= tL_~T~o.'n"~ __ "'_I'"'~ .. ~tW4"'X~~ .. ~_~T """Jr---"~-
f 

T .. ""cans t. 10 .. 
Fig. (1) 54-hematic. .Jesc: d~:'iiJ" oi th~ flow 

t h rough the p a'3sage. 

0.70,-------- --- - ----------, 

0.60 " f 

0.50 

, 
19 

0.40 

O·19ohs,L-J-'-+OJ. ''"O L.L-,-!O~. h, 5J.....l-L+O.-!2'"0 L.L-,-!O~. 2h5J.....l-L.;....!O.JO 

Nussell number ond caerJicient of lriction os defined In 
equations ( 18& 19) versus the dimensio nless distance ( 
for Re ~ equals to 100,200 &: 300. 

M. 68 
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0.45 

0.40 

0 ,35 

0 ,30 
0,00 0.10 

lineor fit 
-+- - - exponential fit 
iii •• calculated dolo points 

0.30 0.40 

"9,(3) The calculated Nusselt number os defined in equation 
compared with linear and exponential regression. 

40.00 r----- ------------

Re, :::: 
30.00 

, 
OJ 

Z 20.00 

10.00 

0 ,080S0l-'-'-'-'-U-!0,f-. O"'2!-,-,.l..J..l..UO,f-.O±-4!-L'.J...Ll..UO'!-,O~6!-l.JcU.LJ.JO~,08 

'i9,(4) 
(x/b)/(Re. Pr) 

The local Nusselt number based on 
versus distance olong the passage. 

the dlstonce ( x) 

( 18) 
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