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ABSTRACT 
In this ..... 0.,1: '"' ne ..... uevel·:'ped dimensionless finite diffe.,eno:e 
t eCllniqLIe fo., 2-0 transient h eat .:c.ndu..:tio:.n is develc.ped .;I;nd 
pre!i(:mted. Tile> tcclmiqLle i6 then .... pplied t·:· p.,edict the tiflle 
devel':lpment cd tempera\;L • .,e ~".:"il es in a o:: ... nvec ti ve l y coc·led 
yt.' .:tanpLI lay fin. In additi':ln. a o::c.r r(!cted ana l y tical fe-rm th",t 
redu.;:a~ th E! 2-0 prob lem te. a 1-0 c,ne is devel c·pcd. RE!sults prove 
tll ... t the> n UJneri.: al te.:hniQ LH! is r.im~le and fa ut , .... hile tIlE! 1-0 
reduced an ... lyti.: oB l 501L\tion is valid ":'Illy roY £'i'lr l y tim6! , small 
J ~ iot numbe." .... I'd tllin fin s. 

INTRODUCTION 
An e xtended su.,f .... .::e is a solid th",t e xperiences I?ll e"9Y t"imsfl:'r by 
o:::o:.nduetion .... ithin its b .;:runda.,ies, as ..... el l a5 o n Hr 9Y transfer'" by 
convectio:>n (and/or .,adia.tio") bet ..... et.'n its I.l o unda.,ies and the 
S Ur.,r .. undln9S. Alth':rI..Igh ther!! are m",n y di ffer on l:: sitU.;I;tie,"s tlHI.\; 
involve c c·mbi n e(! condu,:t ion-con ve,:tir:>n effect: s , the mo:-st frequent 
ap p l,icati.:>n is one in ..... hich an 1! ~( tendQd s urface> is llsed 
spe.: ifio:ally to enlli\nce the heat t.,~nsfe" "ate bet ..... een a s .:. lid and 
~'n adj.;:.ininp f)Llin (fins). The .app li .:ati-:,ns c.f SLICh p.xtended 
s urf 0':05 i s a .:ommon p.,,,,.;:ti-:e in the field G c.f thCYfllal ",nd 
Qle·:tr ,-"'nic enpi llee.,in9 . 
'r he ~te.:tdy ~t"'tP. tempe.,atL.ye pro:.. ( i les o;.f ((n 11 ..... itll different 

.~ Ne·:I,."nio::al Engineer ing I)ap\;. 
~ ~ EngiJl e e.,illQ Matl'emat ics ~ PI,ysics Dept. 
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ge,:'metl'ies and differen t be.undal'y e ·:)nditic'n s ha s beHn studied b y 
m.;. n y investigatoys. A"03 1 yti.:~ 1 soluti.:'ns 101' s<:,me ntei.ldy Foti\te 
c un e16 are I'epol'ted i.n [1,2) . The heat cC'lldu.;:tio:)ll nl'ol.ll em in a 
s~mi-jnfi n i\; e I'Egic . ., .... ith \; 1:!tllpel' .lt ul'c-dC?p t.'I HI p.ul,: ,I\;l teri<ll 
pl'c'p er ti es has been d ea lt with in [ 3 ). 

Tr ansient heat .;:ondu.:tion for s.:·mE' simple geometries LIond initial 
and bo:>\.tndal'y cc·nditic.n5; has been invE'stiQated in [1 - 4], Th el'e Ilas 
b een I'elatively little 1'!~ ... eC'. I'·: h on transient eondu.:tion in a 2-D 
fin, wllic ll is convectivel y cooled alld its base is s u bj e c t e d to a 
sudden ;;tefJ temperatLII'E' c !li!\n9 1? The analytical solution o f tllis 
pr o blem .... ith simpler b.:)undo1I' Y c c·nditions is given ttl tIl. This 
5.::·1ut:ic'" is very tedi':)Ll s Bn d o';' c·tnpli.:ated, As rep.=,l'tetJ in [4], an 
ana l yti .:al sc.lutic.n e.f the consid[2I'ed pl'c.blem 1\.<05 been obtained b y 
Ch LI at 031.,1982. The c.btained s·:·lutie'n is very \;edic,u5 and 
.:: o nve ro;J El'5 ;.Iel'y slowly. Yi -HsLI et 03.1. (4) developed a n a nal ytica l 
mo.:> tl10tJ ~hat I'eduo::es the pr ·:>bl e m ,:. f ~I'.aflsient heal; .:c·nduction in a 
2-0 l'ecto1nQ \.ll ar fin to that of '" 1-0 p roblem -F ig. I. According t o 
their so lu t i c·n procedlll'e the follo .... ing in acc u rate so l uti.:,n was 
-:>l.ItoOline(j f or a rectanglilar f i n .... h ose thickness i s muc h smal ler 
th a n i t s l en~t h. i.e c « 1 

T (x ,l;) = l (4.jB1.IIT { e·'. p ( ->-2}) 

j=l 

+ 

1 

D 
A..; . 

".) 

(A..... Y..I 
.~ .) 

\oJll ere 'i" = J T(x,y,t:)dy is tfH:! ",v ~l'el.ge dimensiO:.>nl ess t elllpe l'ature 
<) 

A. J '" [ (2 j ; l)!f ]2 _ 0 

• y 

o = 12(H2 +2H) 

( 12+81-1+ 1-12 ) 

0 '-- ----,;:-------' 
T' 

0> 

I-'---L 

and 

T<1T* /0 .... 

b 

I • , 

< .... ; Se h e ma tic: · diagl'am 

H= hb/k 

l36Y
/

2 

t±t 
ilx/2 

2 J N 

( b) He~h design 

Fig. Tw·~ - di:nell~ i c.nal I'ectangulal' fin 

This ..... :)1'1: 

tempera~llr e 

in [4]. Tile 

is motivated by the inaccul' a ·. : y n.:>ticed in the 
pr of ilT described by Eq, (31) in til E! s olution Pl' 8ssIlted 

tempel'at Lll'e pl'ofile is r c-pl'ocJuc ed in Eq. (1 ) fol' 
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c.·:'l1ven i e ncl? A .:areful rl:':!vie ..... :.f tilE' the ilnaly'5 is resLdt<:11d in i1 

.:r.:orre.:ted form .... hich is pres{!nt e n lilter in 1,:his WQrl~ . To:. confirm 
~I,r~ ':':'l'rrct i.:.l\ l\ oil. flnitp. diffp.rp.Il':u nc h cml't In dr.'vol,:,pP.'d fc.\· ~hc 
9 ,','11(' pr oh l (~ (!I. 1)O~11 "'\(l~lYGll\ .:Ul(j Il UIIlPric l;~")ll\~i.;.nll il re ': C'(llP~l l' f'd (C'I" 
the ste'.Hly st.:.~te hE! .... t condLl.:ti':-11 .:u; well 036 tfH~ t!"')'ll s ient Co1!;R . 

PROBLEM FORMULATION AND SOLUTION 
r he specified prc·blem is the tr",n90ient l1e",1,: condLI.:~i c.n in a 2-D 
recta.ngular fin sh.-J .... n in Fig.!. The fol101J1ng aiiSLlmptions are 
"'ppl i ed: 
1- constant thermophysi cal mate!" i al pre.per t i~!> 
2- constant convective heat transfer cgefficient 
3- the t ip surface o f the fin is adiab a ti c 
4- no inteynal heat Qenerati.::on 
Th e heat co:.ndltction equation (o!" the fin is the n <;liven by 

0 2 /* 
~ ., 

and the b':'Ltndilr y condition,.; 

" 
or" 

)/"0) 
- • , 

tty 

, 
- " 

bY 

JY*:;':b " , 
tty 

.M- 'M-ar /iJ.'( I • .'( =L 

'. T I <II' 
X =:(1 

The initial condition is: 

h 

h 

Z· , • T 
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= (I 
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(T" T"\ ., 
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(TIC-I 
• y =0 

T'M-I .. T il-
t;1I-=() 0:> 

) • -0 
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Defi(1ing tfl~ roll Q~ing dimen~iQnless quantities: 

" " T - T ., " :-: = x IL, 
, 

y = y Ib, E. = b/L. T " 
T'~' - T* 

ro 0 

t = 

(2 ) 

(3) 

, 
k t • Fo 

P , L 

eQl\ation~ (2) c\nd (3) 

dilllensionleslS fc.rm: 
-:.m be tYansfoymecJ into tile follc'lJing 

aT .'T 1 .'T 
---;;- -;;- - ,- • (I 

at a, & Oy 
(5) 

The b t;:·l\llcJ a.,-y condi tic.ns are: 

, 'r 
)y"" T\ = H " - ) & Bi " - l' ) 

by y"'O y='(1 

. 'r 
)y=, (T\ • H I) • 0' (T\ - I) 

by yo , y- ' 
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dT / ax. 1 ~(, 
)(=: 1 

T I '" (I (Gd) 
l<~' O 

ril e initial o:'::ondition is ; 

T I r: 1 
t=O 

S.:.iutie.n of Eq.5 is obtained Llsir1g t ..... o:- differ ent tu.:hniql\es: 
1- an a p pro)(irllate 1-0 i\nalys\s s imil ar to that p rC!'sented in [4) 
tint! desO:l'ilJed by the inaCO:l,Irate temperetlrre pl" o file 9iven by 
Eq.(I), 
2 - th e finite difference nLlmli'rio:al technique as described 
b elow. 
In t he fir.lite differeno:e ,<ccllrniQUEl' , the l"egic.n ,",f in'terss-t it; 
de~cretiz ed tc. M and N nodal pc·lnts in the )( and y dire.:ti..:-ns 
-Fig.l b, Equ a tion (5) is ~hen ,",pplied tc. ea.:11 nc.da} point and tIle 
dilllensi o:.nle$5 tempel'"ature .:of tl1~ nQd~ 1 pcir1t i,.j is .:obt ain e d in 
th e fQllowing form 

t 
T i , j-I 

+ Tt "2· . , 1, J+ 
t 

... a..,T. , . 
... 1- , J 

• 
.... here the time intervil l bF'o =. I: 6t 

p:L 
2 

t 
+ a " T i + 1 ,j ,e, 

file co:·efficients a 1 ''"'2'''''3,a4 , and Us whicl1 s<l.tisfy the boundary 

·:e·nditic·ns (6) are listed lrJ the t.:o.lJle belc·\.I, ""here 

A "" bFe· '12, B "" /)Fe. ( N/c)2, and C. ::: 2(N!c) hF.:.Eii 
, 

Nod e ", " 2 ", • "4 ". ~ 
Interi or A A B 8 

Rc·...., '-I A A C 2. 
Ro .... ]=N A A 2. C 

-
Col\.lmn J=l 2A A B 8 

C,:-l umn J =M 2A 0.0 8 l~ L - ", - "'2 - ", • - "4 

C,:-rner , , 1 2A A C 2 . 

Coyner , ,M 2A Q.(I C 2. 

Corner N, , 2A A 2. C 

Cor ner N,M 2A 0.0 2. C 

The obtalned scot o f algebraic equa tions aY e then solved U~ ln9 the 
simple explicit sche me (2]. Applying the bc.undal"y c>:.n{jit'iofl of 
Eq.6b, one finds that the 50illtic·n ilO st ~, ble if the foll ow ing 
cc·ndition is 6.:1tisfied 
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l!. t .. l!.Fo S 
2 {N2 + 8 i ( M/ $ ) + (M/& )2 } 

tn or d e r to exami n e th e v a li d i t y O f l)ot l1 so lut ions, tl)e s t a~dy 
'It .:\te 2-1) ~\I'il l y ticil l so l u ti on ( e'l' I; I H! cons id er e d e aSl! 1 £1 lIc r ivC"'d 
<lod pl'e5C!tlt e d i n t h e a p pendi x . r coll o .... i. ng t il e used n.:-t a t ions , th e 
di men s i onl ess stead y-stat e 5.:- t u t i on i s then g i ven by : 

.... hel' e 

and 

00 
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RESULTS AND DISCUSSION 

cos 

ac" 

F I'.:;.m the di men s i o nless E'1 . 8 it 
fi ni~ e di f f el' ene e tec hn i qu e is 
t imc t. 

) . ( n 
(1 

given 
+ 

b y 

cos«( y) 

" 

<Ie 1& 
en) 

c a n be s een 
simple and very 

t ha t tile 
fast even 

P l'" opos~d 

fc.r large 

Fi gul' e 2 ill us t r a tes th e steady state t empsl'ature p rof il es as 
o b taine d fr om bot ll ti,e analyti ca l steady-s t ate so lut i on ( Eq . 9 ) and 
t ile num e r i ca l so lu~i on (~q.B ) a t a lal'ge ti me , t 2 1. Bot ll 
rJl'"ofiles agl'"lN? cl ose l y for a ny Bi .:- I: nLlmber r wh ic h pl'"oves th e 
v alidity of t he nUlne ri .:: al so ilit ion. F igure:3 s hows t h e ef f ect of 
(He.t numbel'" o n t h e temp e roa ture pl' o fil c f e. l'" stei:\d y -st ate eOlldi ti e.n. 
The time de ve l e·p mellt o f t: emp e ra ta' l'"e p rofi l es as obt:ained f r om th e 
numer ical so \ utic.n (Eq. 8j are p l otted e.n Fi g ." . These r esult s 
agr ee very good wit h t hos e su p p c.sed to be obtained by Yi - Il s u et 
a1. usin g EQ.I f or t h e sain e c onditic.ns- Fig 5 . lha e ff e c t of Bio t 
num bel'" on t h e tr ansient temper .:lture prof il e at time 0 .01 i s 
pl.:-tt ed on Fig . 6 as o btai n e d n umer i call y using Eq.8. Th e n ume ri.::al 
s oll,tion sho ..... s s o nle d i ff e rence b et ..... een the center an d Gl, r face 
tempera h ll' e pl'" o f il es f or 8 i > I as ilillstl'"ated e.n Fi g . 7. 
Eq .l i$ t e sted i n t his wOl' k . Unfor t u n atel y tllis so l ut i on in til e 
prEc.'s ent cd f o r m f ails t o gi v e .::Iny 0::' ( the pres(;fnted l'"e6u1t$ n eit h er 
hel'e n o t" in t h e .:: once r n ed work o f Yi-H!;u et al. ['I]. Follo ..... i ng the 
same pr.:lcedure used in [4] .) n a t tefllp t Is millie t o c ':lrree t Eq . l. Th e 
e .:or l'"eet e d v er s i o::.n of Eq .l i 5 t he n .:.bta ine d in the! f orm : 

00 

7(x, 1;) 

" ~ 
.J 

{ 
ey.p(-~.t ) 

J 

( w. X ) 
.I 

( 1 I)) 

[ (2j ;1 ) 11 ]2 _ U 
r igurc~s 8 an d '3 ill ustr at ~ .::I compari$.::on bet ..... een the c.btained 
t emper 03t u rlF pro fil es f.:-r Bi ""(l.\ an d B1"'2035 e.bt.:dned f rom n um e ri ca l 
so luti on ( Eq .B) a n d tile cor r ected 1- 0 a na l yt i cal solution (Eq . 1Q). 
F i g u re 8 ind i caLes th at b c. tll se. l u t i olls ag r ee only fo r t ime t "" 
(1. 0 1 , whil e t here i s $Qme devi ati';.n f or t "" 0 .1 i f B i ::o 0 . 1. Fol'" 

c ( 2 j -1) rr 
2 and A. -

J 
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t ime 8i .. 2 . 0 b.:> th solutions c o mp l etely disagree even i r t = 0. 1 
uS shown in Fi g . 9. This last c.b servat i o n ma y be just i H ed b y t he 
f .')c t that t h e illu.umptlon usod i n [4 ] to rQdUCE~ thQ di m~nsioni\li ty 

o f the pr obl em 1acl(5 to reprc s ent t h e ac tu.:I. I t empCri\ t ure vi\l"i atioll 
""s tilne pr ogress Qs . 

CONCLUSIONS 
F rOli1 the above o;Il sC Ll s s ion it cbn be d educed th at tho proposed 
si mple dl menai?nl vss finit e - di rr e r e nce tec h n i que cOl'yect}y 
p redic t s the pme dev elopmetat co f temp e r ature pr o fi les for 
tran s i e nt CClflduftl Cln in a 2 -}) r ecti\ng ul a r fin. In 'lddi t ic.n i\ 

c orrec ted form So e·btained b y .... hich the 2-D problem i s r ed ~t<: ed to 
1-D ·:·ne . Tili s f -py m i s valid 9n1y for s mall timOr smal l Bi o t 
number, an d f c·y a thin yectang ~d Dr fin . 
In a subseQuEmt p""per the au thpra' prE/sen t 
soluti o n for the tran sie1t hea~ conduct i on in 

ccomp let e 
a 2-D 

ana l y tica l 
y ect angular 

fill. , 
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Flg.(5) TIme ,development o( temperolure 
profiles (Reproduced from [4]) 
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I\PPENlJIX 
5·:> I LI ~i.-:>1l Q f 2-'D !o>l;c<luy-!:;t.:l. l e h eilt o::.;,ndu<;:t:i <;·/l in r'-!ct.:mgu IOl r fi f! 

Thl? .:,yi910,:\ 1 is gi ven uy : 

T' 
.... h er e f) ::: a nd c''''' b ' /L 

y 
h, 0 

r "S18x ::: I) 

• S(x,y) b' 

o ........ -...........- ............................ ~ ........... - ..... 1-----,> 

S(Q,y) '" = 9 • o 

O(] (>: ,l ) =:: 

Qy 
L ot 

hb' 
-r

e 

11 , ( I 

L 

OO O , y) ". 
i), 

e( x ,l ) 

b ' 

1 

::: Y( y ).X(:() 

::: 0 , and 

S lltJ~t il;uti !\ Q in Eq.l and sC'pay a tinQ the vari~l.Jles ..... I? gel; 
(2 ) 

IJ
2
y(y) ;: 2 ,_._. ) - + c ' :>.. Y ::: (I _ 

d y2 

wi th dY(O) 
( I, .and 

d Y( l ) !lb ' YO) = - ay--- • '""""iT""' d y 

-. 
~Ild 

tJ''""X (:..:) ~2X • 0 ('0 
d x 

2 
dX(I ) "Ii I;h X (.) ) = 0 , anel = 0 "X So l u t i ·:-n of Eq.3 is given by : 

Y()' ) = C ¢ (y) (5 , 
n " 

£lnll the ciQcnvah.ll?s Q f h
n 

aye p.:>si tive roots of the tran scendental 
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where (n '" :;' \1 
50 lLlti Qn _:> 1 EQ, ' I i s then 9iven by: " :'. - )" )( 

XC x ) ." A p n ., I) c n ( 6) 

Applying the CN'YQSpc,nding lK'llndayy condi t ion!; , Eq.G becolOE'S 

~ x 2k -k x 
X(~) = A ( e n + ~ n en) (7 ) 

Subst i~utin9 Eqs.S and 7 int-:· Eq .Z, we g~t 

wheYQ an 

'" 
sc.v.,y) 

n - I 
= C A. F"r.:>m 

" 
Eq .8 , we ·.,b~~in 

e • 1 
o 

'" 
=: .l an 

n=1 

( 1 · ~ e 
,,, 

n 
:> 

-,, '( , 
e' (8 ) 

( 9 ) 

Using t he proper t y 'cd orthe'gconality [1) , the! e c'ef licients a n m.a y 

he ,:", l .:u l ."l\;ed by the e xpr e!Osi e.n : 

r 2 SI n( 

an = Lt + 'Sillt n .:os( 1 
n n n 

( I I)) 
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