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A NEW FORMULA FOR DETERMINATION OF TANGENTIAL
AND RESIDUAL, STRESSES ARQUND A HOLE IN FLATE
FOR A VYARIETY OF S8IAXIAL LOADING
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ABSTRACT

This work deals with the developnent of & new
analytical faormula which may satisfy the original problem of
both tangential stress distribution as well as residual
stress arpund the boundary of a3 kole 1n plate subiected to a
variety of biaxial loading.

The develppad =squation has been smployed for computing
the tapgential stress around a hale for different biaxial
loading conditions.

Prhotoesl astic coating technigue has been uwused for
measuring the residusl stress that remawn 1n plates after
performing a hole by piercing , drilling , forming or
machining processes. Moreover, based on  the strain  gauge
experimental technique, the residual stress has been

conputed.

Comparison of the results indicates the applicability
af the developed equation in computing both tangential
stress distribution as well as residual stress.
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Moreover, the use of photoelastic coating technique
facilitate the experimental tests and provide full Ffield
sxgerimental method for determination of stress distribution
at points on the surface and in interiar of specimens. Thus,
the b{re%ringent coating technique has many advantages for
measuring residual stresses as compared to strain  gauge
method.

INTRODUCTION

The shearing operations, such as that in piercing or
drilling, 1lead to residual stresses that remain with
manufactured part after it has been deformed. Moreover,
residual stress may remain around a hole in plate subjected
to biaxial loading conditians after all external forces have
been removed.

The residual stresses on the surface and in interior of
a metal part are considered to be undesirabhle betause they
lower the fracture strengih of the part. The residual
stress can also lead to stress cracking or stress corrosion
cracking over a period of time.

The problem of stress distribution and residual stress
around a circular hole in plate has beaen treated
analytically and exnperimentally by several investigators
over the past years.

The stress distribution around a circular hole in a
composite plate has been studied by the analytical approach
discussed by Leknitskii [ 1land Savin [ 23 where a clased
form soclution is given for a thin, homogensous, and finite
plate with a hole.

Daniel et zl. [3]1 analyzed the deformation and failwe

of Bron—-Epoxy plate with circular hole subjected to
uniaxial tension wusing both the photoelastic coating
technigue and the finite element method te evaluate the

safety of a coemposite structure.

Soby [4] presented theoretical results for rectangular
holes with round corners and he reported that the mipisum
possible stress concentration factor is 2.85.

Ross [S] has reported results of numercus photcelastic
experiments on holes and notches in  thin plates under
uniaxial tension. His results zhow a gross aoverestimate of
the stress concentration factor as compared to Sobey’s values.

Durelli et al. [6] have shown that, hole shapes can he
very effectively coptimized by using photoelastic technigues.

Durelli and Murrey [7]1 studied the optimum shape of a
hole in a biaxial field of two loading of the same =ign (k =
1) and reported that the strese concentration factor Afor =
circular hole 1 2, and for loading of opposite zign ne such
simple relation has been found.

Dur=ll:i and Rajaiah [83, have presented a paper with
the obiect of minimizing stress concentrations. They have
developed & quasi shape which introduces & stress
concentration in the case of biaxial leading when the ratio
of k=-1.
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Rajaiah [?] studied the optimized hole shape 1n
circular cylindrical shells under axial lead, by using the
photoelastic technigues. The process lgads to significant
decrease in the stress concentration factor.

- Durelli and Rajaiah [10] have used photoelasti¢ coating
technigue with a special reflection polariscops for the
cptimization . processes of the hole shape and strain
determination around a hole.

In grder to account for residual stresses from cold
expansion of the <stopp-drill bole, fracture mechanlcs,
superposition procedure was employed by Cathey and Grandt
[11] and good correlation with test data was shown.

Landy et al. [12], employed an analytical program
utilizing +inite element approach for determination of
residual stress distribution around the stop-drill holes.

Venant, 8. £14]1 summarized that, if a small circular
hole is made in plate subjected te a wuniform tension, the
stress distribution in the neighborhcod of the hole will ke
changed, but the change 1= negligible at distances which are
largsr compared with the radius of the hole.

Mc=t of the available literature are concerned with
distribution of stress argund the boundary of a bole under
uniaxial loading, with the exceptian of few investigated
rresestigated optimization process for a hole shape in &
bizwial field of two loading (loading ratio k=1}.

Thus, it i=s necessary to develop an analytical approach
to facilitate the determination of both residual stress., as
well as tangential stress distribution around the boundary
of x hole in a plate for a variety of biaxial lLoading
congditions.

ANALYTICAL APPROACH

The development of a new analytical formula to
characteriz=s strese distributicon around the bgundary of a
circular hole in plate subaoected to biaxial loading may be
useful for experimental estimation of residual stress.

It was essentially evident that the selection aof a
stress component foar this particular problem 15 difficult
since non of the availabile Ffunctions 1is satisfactory. In
arder to overcome this difficulty, & method of superposition
i commonly used which employs two different stress
components.,

1- The first component i:s selected such that the stress
associated with i1t satisfy the condition of stress
distribution around the boundary of the hole under

the applied stiresces conditions. The +irst stress
component , assumed to have the farms
a1 © 01{ [1+(k/3) 1+ 2 C1~4k/2) 1 cos 28 * (ia)
e = ¢ { {1+{k-2a ), ,3 I+ 2 Li-{(k+a /3y 1 cos 286 3%
(253 1 ¥ = ¥ x

{ib)}
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where k is the biaxial loading ratio (k= oz/al)
a finite dimension ratio (a =b / a }
= ¥ ¥ x

oaistresa distribution for infinite plate.

S a stress distribution for finite plate.

2- The second stress component must have associated
stresses which satisfy the stresses remaining within
the boundary aof the hole after the hole has been
formed or machined and all external forces have been
remaved., Thus the photoelasticity can be effectively
employed to estimate the second stress component  as
the following,

o = M, / 2h TE/ 1+ X700 £ 2)
R K

where Na fringe order

madulus of elasticity
poisson®s ratia

wave length of light
optical sensitivity and
coating thickness

TR T Mm

Thus, the reguired equation for the original problem i
ohtained by superposition of the +First and second stres
components, Towards this end one may assume the following:

a— for infinite plate subjected to biaxial loading

Ogi = 01{ Cil+{k/3y 3+ 2 [i—(k/2) 1 cos 26 T +

NB S 2h CE/Z(1+p) A /CO (Zal

b~ for the finite plate subjected to biaxial loading

o = o { [1+(k~2a }/331+ 2 [i-({k+a /2) 1 cos 28 33+
af i y X v

Ny 7/ 2h CE/(1+p) N/CT (3b)

Equaticns (1} and (2) give the polar tangentiz]l stress
comnponents as well as residual stress at any point defined
by (a, ) in & body subjected to biaxial 1loading. The
=tresses along x—-axis can be cbtained by setting €=0 deg.
Similarly the stresses along Y-axis can be computed by
setting @ = 90 deg., for the circular bole of radius a.

Conssguently, the full~-field stress distribution around
the boundary of a hole for wvarious biaxial loading level can
be computed by employing the developed egquation ( 3), which
satisfy the ariginal problem in finite as well as infinite
plates.
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EXPERIMENTAL FROCEDURE

The specimens were 20 Cm. by 20 Cm. aluminum plates of
4& mm thickness with a 8B mm diameter centrai circular hole.

Twelve identical specimens, were instrumented and tested,
Two—-element yectangular rosette strain gages were
employed to establish the magnitude of stress field. The

strain gauges were mounted on the surface of the spec imens
with its axes coincident with the principal directions, x=0
deg. and y=%0 deg.

Ten specimens were prepared for application of
birefringent coating technigue. A special coating of
aluminum paint was applied to one Fface of specimens and
cured to provide a perfectly reflective surface.
Subsequently, a thin apoxy sheet of 1 mm. thickness was
bonded to the painted surface prior to piercing or
drilling.

Two specimens were drilled tg create a central
hole, then the fringe patterns were photographed vith no
locsd, The other =ight specimens that were prepar ed for
birsfringent and the two instrumented szpecimens with strain
gages were then placed in loading frame. Subsequently, at
every loading condition, fringe patterns if the
birefringent coating were photographed and strain gauge data
were recorded

Finally,all specimens that were prepared for birefringent
coating technique were re—-photographed te record the fringe
patterns that remain after removing the esxternal forces.
Fig.1l shows isochromatic fringes that remained (a} after
performing a hnole by drilling. (b) atfter removing the
external forces. These birefringent are corresponding to the
residual stress around the boundary of the hole. The images
were then magnified and analyzed using a slide projector.

RESULTS AND DISCUSSION

Stress distribution around the boundary of circular
holes for a variety of loading conditions has been rcomputed
analytically using the developed equation (3), and different
analytical approach. This however will be done subsequently
using a different experimental techrique.

Resulting residual stress after drilling the hole were

cbtained experimentaliy by photoelastic coating methed using
equation (2).

The tangential stress distribution araound the
circumference of the holes were determined ogrimarily from
photoelastic data. Stresses are related to birefringent by

stress optic law, [131.

¢ T o, = (M 7/ 2h) L[{E / (i+u) (x/c) 1 ( 4)

Moreover isochromatic fringe data corresponding to
ron—loading conditions after removing the external forces
warg fthen used for the estimation of residual stress  around
the boundary of the holes
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The developed equations {3} were employed for
analytical! computing of the tangential stress ratio, for
every biaxial loading conditions. Strain gauge data was used
to determine strains related to stresses on the hole
baunQary at the horizontal and vertical axes as follows

_ _ 2
o, = E s (1- ™) (51'“'52) t 37

Experimental results obtaimed by photoelastic coating

technique were compared with results obtained by strain
gauge method.

Analytical results were obtained by polar components of
stress for infinite plates subjected to uniaxial loading as,
£147,

og.zoc [ 1 + 2 cos 28 1 { &)
aL O

and were then compared with the experimental and analytical
resuits previousiy obtained, in this investigsation.

Accarding to the experimental and arnalytical results,
the variation of tangential stress around the boundary of
the holes along radial lines located at & = & +  AB, for
different biaxial loadirmg condiitions obtained by employing
the developed equation ( 3} are shown in fig.2s and Fig.Z2b.

Changes in tangential stress ratio for biaxial
tension—tension to bizxial tencion—compression are clearly
illu=trated in Fig.J3a and Fig.3b. Symmetric variation
pcours only for biaxial temsion-tension of K = 1, and
tension—-compression of K = —-1. In this case the stress is
zero at the point defined by @ = 45 deg., which iz commonly
referred to as a singular point ( isotropic point— the point
of zero tamgential stress ).

In the case of uniaxial where K = 0, the 1sctropic
point occurs at 8 = 54,63 deg. for finite plates and € = 60
deg. for infinite plates.

An important and significant result is that the
location of isctropic peoint shift from € = 354.463 deg. for
uniaxial loading ta & = 45 deq. for biaxial loading
condifion of K = —t.

Bccording to Vepant’s pripcipal, Kirsch, 5.,0143]
cbtairmed a general solution for the stress function and he
found that, the tangent:ial stress is greatest when 8 = n/2,
and the stress concentration factor at this point 15 3, and
is equal to -1 at & = &. Thereafter, he concluded that, the
localized character of stress around a hole justifies the

application of the equation (&), derived for an infinite
large plate, ta a gplate of finite width, provided that, the
width of the plate =hould not be less than four times of the
holea diameter.

By teling a tensile stress and a compressive stress  of
the same magnitude in two perpendicular directions, he
obtaiped the tangential stregses at the boundary of the hole
from the following equsation:-—
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= — - - 3 p—
g oapp{ 1-2 cos 2@ [1-2 cos (28 ayl » U7
For & = 90 deg., o5= 4 oapp' For 8 = ¢ deg-, g -4 oapp

Hence, for large plate wunder pure shear, the maximum
tangential stress at the boundary of the hole is four times
of the applied pure shear strass.

Examination of the results gbtained from equation { 7)
evidenced that, it is restricted to the equally tensiaon-—
tensipn or tension-compression biaxial stress conditions
orly. Moreover, the results show a gross overestimate in the
stress concentration factor, compared teo the results that
were obtained from the developed eguation (3} also, the
pattern of change of the tangential stress as a function of
angular displacement is in reversed trend as shown in
Fig. 2b.

As shown i Fig. 4 the distribution of residual stress
araund the baoundary of the drilled hole is constant. But
thes2 holess subjected to biaxial loading of K = 1, 2, 3, -1,
-2 and -3, produce a maximum residueal stress concentration

at 8 = 90 deg. and decreases to minimum at 8 = O deg. that
after removing the external forces.

Az can be noted, there is a reasonable agreement among
the various method of analysis except at the powints of
highest tensile and compressive stresses obtained by strain
gauge method.

Closed agreement between the results obtained
analytically by employing the developed equaticon (  3) . and
that pbtained by equaticon ( &) for infinite plate subjected

to wniaxial loading condition where K = 0.
CONCLUSIONS
i— By emoloying equation (3) developed ‘in this

investigation, it bas been possible to obtain  the
stress distribution around the boundary of circular
tholes in finite as well as infinite plates subjected
to a variety of biaxial loading conditions. However,
the developed equation can be considered to be
reliable.

2— Equation (7) is restricted te the equally tension-
tension and tension-compression biaxial stress
conditions only. Furthermore, the pattern of change
of the tangential stress predicted by this eguation
is in reversed trend. Thus, this equation is
insufficient to satisfy the original problem in
finite as well as infinite plates uwnder variable
biaxial loading conditions.

- It has been observed that the residual stress
around the boundary of a circular hole performed by
drilling in finite plats 1s fairly constant all
around the circumferences. But that hole subjected
to biaxial loading produce residual stress that vary
from a maximum at & =90.0 degree to minmimum at & =
0.0 degree that after removing the external forces.
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M. n3 Pr. A
4= The use af photoel astic coating technique
facilitates the experimental tests, mareaver
provides full-{field experimental method to determine
stress distribution as well as residual stress on
surface or in interior af specimen, Thus
photoelastic coating technigue has many advantages
for measuring the residual stress compared to strain
gauge method of analysis.
NOMENCLATURE

ayx finite dimension ratio

Ko uniaxial stress ratio

K biaxial stress ratio

i.2. .0

a angular displacement from the horizontal axis

%, uniaxial applied stress

v, applied stress in y-direction

v, applied stress in x-direction

%r stress distribution for finite plate

%a. stress distribution for infinite plate

oL o, normalized tangential stress

&
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ia)

Fig.l. Isochromatic fring patterns in photoelaste
coating around a haole in plate (a) after
drilling the hole, and (b) after removing
the external forces.



M.ag

Mansoura Engineering Journal (MEJ}, Vol. 18, Neo.2.June, 1993,

*(g) uoljenbo padelsaop:
43  Sursn ‘Suipeo{ [RIXEIq Uoissasidmol-UoIsUd) SO
(q) pue "uolsusl-uoiIsua) Joy (') BuUlpRO} [RiXelqg
Jo Kjtlea B 07 pajosfgns  3dje(d ur sasfoy 1einadris Jo
SIepunoq  SYyj punole $§9038 [BrjuULdUe)} JO UOLIJELIRA A O

saosBag) & oweooidsig Jonbuy go2)bo weswasoidsig sonbuy
s G -0l a e dsiq 4o}
06 o 0L 09 05 oF  0f 0T 01 o ng o O 09 05 ok oE 0T o1 0
~ 1 T T I [ p— —— T T ] | R T T
~o g
[ A NN M - -3
kS = ¢ ||A
™ /. Lu a- -1
LIt N y 3 \. b
. 3 ]
ey s EpS e E
MERNERANAN ] 5 3
e~ .-, A M o= llm,\._.l .«__‘\\\\.t\il\lu
S S oat 3 = = ? ——
N N de- & e B
w0 vy | a [~ e e em e mn ]
e SN ] 3 W R
mlx/r; NN A - .mw. e
N, RN 4 N - 3
— .. LURARLE § 0 ey [ -
T - RS €= ol B
™ nf /,- m m_ - 3 3
= ~ S /..: 3. 2 .\\ul\..\ ; 3
el MOy 3 MD.e ot \\\q‘\. Uy 0 A
i T h /, - 2 & el 3
,,r:,x.. R = a’ -~ A -
., ] o L e P ~.\ K ]
.. u} — % ra a -
- m -~ S 1
. 1 \ ] - R a1
o 3 . J
R /.r . — F 7 e ‘.‘\ ! m
. . :
s I Q P 3
Vo P i [4 o # f
Wy S o m
AR 4 - 5
VO Rl ]
At . - -~ =
_ 2o PN =i e b ]
= % Ve 3 e syuygur {g) uononbl ]
(¢) wononby ysny —— N T . _— puo (9) wononby juousp E
(g) uononby padojprag - --- AN M Fpuy (£} uononbl padopas - - - 3
~e 3 !
fq) (o)}

(T.o! 90) ssang jonusbuo) pazitwan



47 Dr. A.A.Fattah. (a)

Fig.3.
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Stress Concentration Factor

Residual

—————— alter removing the external forces
=———— after drilling the hole {with no lood}

| f [ | | | L |

Fig.4.

10 0 3 40 50 50 70 30 g0
Angular Displocement 8 {Degrees)

Distribution of the residuval stress around
the circmference of the holes remaining after
removing the exterpal forces for a varitry of
biaxial loading conditions.
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