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INVESTIGATION AND ANALYSIS OF THE PRECISION 
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IN f<RIlE AND FIXED LEVELLING NETWORKS 
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Public Works Department, 

Pacuhy of Engineering. Mansoura Universi ty. 
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ABSTRACT 

In the last few years. the use of free levelling networks in the different engineering 
constructi ons has been increased It was clear that compllrin~ the results of the free 
levelhng networks with the fixed levening networks. having the same configurations and 
the same measurement technologies, yielded uneJ\pecled smaller numerical values of 
common precision criteria than those of the fi xed levell ing network . 
The aim of this research is 10 study the reasons for this phenomen:t by illterpreting and 
illustrating the variation In the geometrical meanings for precision criteria of bot II free 
and fixed levell ing networks 
New criter ia suitable to describe the precisions in b01 h cases have been obtaoned. Hence, 
it is possib le to make a correct comparison between them. A practical levelling network 
has been used as a practical sample example uSlllg di fferent variables in adjust ment 
processes fo r Ihis study 

I. INTllODUCTION 

Nowadays, the levelling networks are widely used as venical conuol networks for many 
purposes of engineering control surveys such as. for detectmg ven ica l crustal movemen ts 
and for detecting of defonnlltion of dams. bridges and other large siruct ures, 
The quality o f these engineering control netwon.:s is described by measures of precision. 
reliability, economy and sensitivity. Tile precision ofa levelling. network lIlay ex press the 
degree or propagation of rando m errors in the network All information concerning Ihe 
precision of the adjusted parameters is contained in the variance -covariance matrix. Size 
o f elemen ts of Ihe variance-covariance matrix expresses the precision of the network 
The best measurc o r precision should satisfy the following conditiOns. 
a- lnvariance with respect to the choice of the computatIOnal base 
b- [nvariance with respect to the datum ,ransfonnation _ 
e- Independent o f the cho ice of the least squares adjustl11cnt techniques 
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d· Characterize the level precision of points in the network. 
e· Applicable to primary as well as secondary geodetic networks. 

The main objective of th is paper is to in ves!iga!e and analyze Ihe precIsion concept for 
the fi xed and fn:e leve lling networks. Also, 3n i.mponant objccli ve is 10 find a measure 
(0 describe the internal precision for fi xed levelling networks. In Ulis work, the 
adjustment for the practical levellin g network is perfol1ned by using 1erlsl sC[u are 
pri nciples in three approaches: 
I· Minltnunl constraints adjustment approach (holding one point leveJ fixed). 
II· Inner constTamts adjusnnent approach.(free from ally outer constratnts ). 
III· Over constrained adjustment approach (holding morc than one point levels fixed). 

2. PARAMETRIC AO.JUSTMENT MOD EL 

The mathemalical model for the least square adjustment by the method of observation 
eC[uations is ccmposed of the fUllctlOnal modl:l, which IS given in linear fonn by 

( \ ) 

and the Slochaslic model 

(2) 

where v IS the n-vector of res iduals, A IS the n lJy u configurati on matri x, x is the u· 
vector of the lInknown pammeters, I is the n·veClQ r or the absolute tenns, P IS Ihe II by 
n weight matrix, 0 2

0 is Ule apriori vanance factor and finall y EI is the n by n variance· 
covanance marrix o f the observed quanl it ies. By implementing requi rements of the 
meth.od of least squares v T pv ::: minimum, o oe ge ls to the system of no rmal equatlon£ 

(4.a) 

N x- U =0 (4.b) 

The system (4.b) can b~ solved easily if r = u and r "" rank(A)::: r.ln..k(N) and the best 
est imates for the w~ ight coe ffi cien t marrix. IS 

(5) 

In case of free network r < u • the matrix. of nonn31 equations N is singular and the 
Cayley inve rse N' ) does nOI exlst. Such a problem can be practically solved by using 
the so-called lhe Moore -Penrose pseudo IIlverse, or some other simple "pproaches 
like the inner cOllslTainlS procedure (1,2]. However, detailed anal ysis of the free 
network opJlroach is consi dered beyond the scope of the present paper. Then the 
estimnted wei g.ht coefficient matrix of the estimated parameters is 

(6) 
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The best estim!\tes for the solution vector x and theLr corresponding vanance 
covnria uce matrix L~ are oblained as 

and 
x ~ Qx U 

E, ".;2 Q' x 0:< 

where 0 2
0 is the aposleriori variance factor which js computed from 

with r "" n - II 
or r - n-u + d 

( in case of fixed network) 
( in case of free ne twork), 

(7) 

(8) 

(9) 

where r is the number of degrees of freedom (redundancies), n IS the n.woUer of tile 
observations, u is the number of the un.known parameters (point levels) and d is the 
datum defect. Finally. the adj usted values of the observa tL ons, as we!l as, the Lr 
estimated vari ancc -covariance matrix can be computed as 

L = L +v ( JO) 
;lLld 

( J L) 

3. ANALYSLS Of THE PRECISLON CRITERIA 

J. / The Cummoll PrecisiOIJ Crileria 

11le variance-cova lia nce matrix of the estimated point levels LX is the source for all 
infonnation requ ired to measure the precision of ·the levelli.Hg network. The criteria 
that can measure the preCis ion call be summa.rized as fo llow: 
I- The standard en"Qr of the adjusted point level 

o· "cr ) Q Hi 0 H.!") . , , ( 12) 

2- The standard error of th e adjusted level difference . 

( 13) 

3· The re lati ve standard elTor between fwo levelled pomts Pi and Pj is given by (7J 
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( 14) 

4· The meau standard error of tllc levels of all the network points is defined as a global 
mC;'Isurc of precisio n (2.3,7.8) , and g iven by 

cr = 

" 
tnce(I: .) 

m 
( 15) 

in which m is the total number of the 'network points. ntis measure is known ill 

Gelman literature as mean standard leve l network error (9] . 

5- Another global measure of precision IS tne geomeuic mean of the e igen values 
(2,7,8J, which is given by 

( 16) 

which is based on the detenninant of Ihe estimated vana.llce·covariance matrix. 

].2 Tile Predsioll CUllcept ill Fixed Leveffing Network 

In fixed levelling network, the mathematical model for the estlmated level difference 

from the point Pi to any fixed point Pf in an. arbitnu), datum system is siven by 

( 17) 

11\ which Hf is the ciTorless Jeve l of lh e fixed pOint Pf. By applying tne ene.: 
propaglllion concepts usmg the varianc e law [2 1 on Equation (17), it was found that 

( 18) 

Therefore, it can be concluded that, in fLxed levelling network the standard error of 

any new point level O"Hi is identLcal wi th lhe standard error of the leve l difference 
between 1\ and the leve l of any arbitrruy fixed poi llt, 

J.J The Precision CQncept ill Free Levellille NetwQrk 

It is well known th(ll, the free levelling ne twork has nolle fixed points (benchmarks). 
Consel1ucnlly, all the level poiHts are allowed to rece ive cOlTections after th e 

perfofillilig of the adjus~mcnl process. The IIlc:l surc. O"t:li ill free network can be 
obtnillcd from lhe level d ifference betweell the new POIH! evel Hi and the average of 
nil the levels of the network points 
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F. = H . 
I I m 

By puttillS i "'" I this equation can be written as 

F = (~)H --'- (H + .... .. +H
m

) 
I In 1 m 2 

( 19) 

By applYlng tlle law ofcovariance propagl.l tioD (2j, il was found that 

+ 

which can be rearranged to 

2m~ , 
- -2- (Q H H +Q H H + 

m 1 2 
·· ·······+QH H ) 

1 m 
1 

+ -2- (Q H H, +QH H, + ... .. ..... · .... ·+Q H H ) 
m I~ 2. 2 m 

.... +Q H H 
m m 

(20) 

111 Ihe free network the sum of the dements between br.lckets for EquBtion (20) is zero 
[GJ. Then, 

0' (2 1) 

From these results. it can be concluded thaI. in. free le ve lling nefWork the standard 

elTor of auy new point level Glii is idenllc<11 with tl lC Slllnt.i.lrd elTor of Ihe level 
difference between 1\ nnd we average ofa!lthe levels of the network points. 
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For the purpose o f thi s study, the levellill\> network illustrnted iq Pig. 1 should lie 
3djusletJ ill cight variants. In Ihe first <I ud second varinu lS, the levelling network WilS 
ndjusteo :15 :l fixed network Ilsing the over conslra ined nlljuSlment OI pproach wilh three 
beuehl11~lfks (A , J) & C) :'I.ml with two benchmarks '(.1\ & B) resJ>Cctively. IlL the third 
v;'l rianl, tlte two bcnchm;'lrks (D & C) were del eted anu the levelling netwo rk was 
adjusted as a fixed network with one bellchmark at (A) by using lilc minimum 
cOllstraillct/ approach. Oy delet in g the l:lst bencllJuark (A) for the fOUl1h variant, the 
leve lling network occ:'lme free from any fixed point and it can be adjusted as a free 
le vell ing network using the inlier conslra.ill ed aPl'ronch. 
To study lhe change effect or Ihe fi xed \>.OSi lioll all the above external and internal 
precision crirer;a, the levelling network shou ld ue adjusted using the minimum 
constrained <ll)proadl . 
in the variants five, six, seven nml eigln, PI> 1'2. P3 aud 1'4 were chosen as fi xed 
points respective ly. 
All the comp utatiQns were PCr rol111ed on 01 386 PC co mputer. The cOlllputer 
programme used ill this rese<lreh to <ldjust the levell inG network vin the mentioned 
duee approaches was develoved by Ihe researcher. Moreover, a subrout ine rOf the 
eSlilllntioll of the extemal, mtcrna l a.Hd glooal prccis ioll cri teria for the fixed and free 
levelliJlG network w"s created. 

(i - RES ULTS ANO ANALY STS 

I- T:tule (2) contains Ihe adjusted levels or the network ])oiuIS (Ii . Il lc ;ldj usled level 
differences ~h i :lilt! their corrcspondill); 51;'1nl.l<lnJ CITOIS O"6J'i for all Ihe eight 
v:t riants of lhe levelling network. From Ihe outnined results, it W<lS fowld tJl<l t : 

hble (1) ll-.c .>tlJ~leV Icrtlr (II. ). ie"C l di/T" ",,,u ("'J "" d II"" , _.<bn! t fl'C)rl (,"'). 

" 
I" " 

6.9 IH 6 .9l 3~ 691St 6.916-4 9.~~7t 10.0000 I 1 . 17 4~ 10. 1t89 
S ~ 406 S 53'Xl u~os U~l! s.on, S 6U' \0 .0000 '.7444 

II 

" 1 ?271 1.9276 1.911S I.91H l.9n S l .flU "m 1.9275 
0.61\9 0.6720 0.6119 0.6719 06719 0.6119 06119 0.6719 
U 119 1 }744 1.314S U1H I.J 745 IJ14S 1114S lJ?4 S 
01 1«0 O.lIat 0.1119 0. 1119 0.1119 0. 1119 0. \119 0.1119 
l .lH2 1.2556 1.2'S6 1.1'56 1.2H6 LUS6 LHS6 L2'S6 
1 7623 \.1634 1.7620 
I.IS24 I.Ul~ 

... 
'w 0.256 029) o.ns O.33S O.llS 0.))' OlH O.lH 

'" 0.247 0.261 "" 0)01 0.30S " .JO' 0.30 ' 0 .)05 

0," 0.24? 0.2SJ o ns O.JH O.)U Q.Jl1 O.32S O.JU .... U.}}3 01S0 0.12 1 0,)] 1 o.nl OJ11 O.HI O.)l l ... 0.210 ' .m 0.33. O.Ba 0.)38 o.n, ona Q.}J.8 .... 0.111 0391 ..... ... OJ" O.l9l 
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1- Free leve lling IIcl'\lI'o(k ;uJjustmclIl using the inncr constT:l iucli ;'Ipproneh (V:1 rian l 
4) gflVC the st\me numeriCll l values of IIIC~ ruJjllstcd level JifTerellccs "ud theil' 
slllud;'H(J en·ors "s Illose oucnill ed by :1 J11;l1imwn eonSlr"inco "pp1oneh (v:lriall lS 
3,5,6,7&8). T his lIIe;'lliS Ih .. I, the .. djus lcd level d irrclellccs .. nd Ihe ir smnda nl 
errors <Ire inclependent of Ihe least squares adj ustment ilppl'Oaches. 
Conseq ll ent ly, th ey nre Ilivilri ll lll wllh res pecllo dat1lm trans lnlion . 

2- Gy dec reasing tILe JllIffiOe r of Ihe uenchmarks (fi xed poi nts) for Ihc levelling 
network, the values of the st:lmiflrll errors of the leyel riiffere;"lces klve been 
increased (vnrial1ts J, 2. &3). 

3- The ::II.1justed levels of Ihe nc twork Ho inls depe nd upo n Ihe choice of the zero _ 
variance reference bnse. Therefore, Iltey arc not InvM;Anl wilh respect to datum 
franslot ion. 

11 - r"b le (3) gives the common gl oon l precisio ll criterin (or all (he eigh t V;II in1H5 for 
IILe leve ll ing netwo rk. In addition, the S llll~ of sqllares o f weighted res iolln ls [Pvv J 

aud the aposu:riori s(anonro e rror of unil weight ao are also I)resen ted. rrom these 
!"estllls, il C:l n be noted ti lAI : 
1- The estimaled npostenori standnrd elTor ao nud (he (P vv) for Ihe free levelli ng 

network ;ltljUSllnCllt using the inner conSlmints (v<I. i:"lnt 4) were the s<lme 
numelical vn/ues as those olJla illcd lJy a mInimum cOlIsn-nineo "PPl"Oach 
(vannll f 3, 5, 6, 7& 8). This mealls Ih:.I, Ihe :l1)05Ierioll Sfa ll iln l(l en·nr 00 <Iud 
Ihe [Pvv ) ll re ill vOl n anf with respeci to d"hll ll n·:1I1slilllOn . 

2- $imilnrly, the dele l111inont of the weight coefficie11t l11 atlix [tlel(Qx.)l "nd lhe 
geomcrric men1l of the eigcn valucs CIw we re nlso inv .... ;nllt wilh reSI)ect to the 
tllltlim U'ans lnlion . 

3- By illcrensing the Ilumber of th e lJenc lunnrks (fixed POin ts) in Ihe levell in g 

lI e(work, ti le nlIInericJ i vo llies of the GO, IT<lCe(Qj). tlet(QX)' UN :"lnd Ow have 
been decrensed (see varia nts I, 2 &3), whereas [Pvv] h;ls been significanlly 
increased . 

4- Trace(QX)' QNN :lOd ON were lIot illv:lriall l wilh respcct 10 the datum 
(ranSlalioll . They were depend upon Ihe choice of the minimum consrram\s . 

T,ble (l) TIle common ,101.1&1 p<co;islOll ctileri~. 

va/1anl I YlInanr V;U I>"1 J V~liMI ~ v.:InOOl 5 v:\Ilanl (, ~~"~nl 7 Vl\llalll (8) 

A. OJr. C A'" [J art A i,S.M. F,nNel P, li thcd P,i.6noJ P, it fiord P. IS b ed 

Jrc B.M. O.M. , I , • • • 6 6 • ) , • • • J ) ) • • I 

• J ) J 

[PvY1 ( .. ,) , Oil Ull' , ~S61 I .H6& 1.4SU 1.4}61 1.4S6. 1.4S" 
0697 0.61)1 06" 0.'" 061)7 0.61)1 ,. I-I m.,J I 061S 

0.S91) 061~' 0.6)9) 
Trxc «(hl ° 1.)477 1..996 ' .S9lO 0.}1}6 O.S'SoI 

o 1?52 0.0781 0.191' 0.1971 onu 0.2U I "", ' 0.,)69 0.4749 
0.66<1 0.195 O.JO& OJ" O.ll] 0.322 

(~ I 0)11 04H ., 
l .2JE·) U~£·J ,01 29E.J 09£·) 4 29£·] O?E·) 

del (QU ' a.SSE .... I.HE·l 
0 166 0. 11 3 ! 0 11) 0 11) 0.1 I) I) III 

•• <Oft) 0.0'l1 0. 110 

° IWllllcu 
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Ul~ Table (<1) shows the ex temnl :lIJd intemnl stnndMd elTors oC the ndjusted poiut 
levels as well as the e:o:teOlal ,BI U inlenml menn level nerw-od( errors for nil the 
e ight IIClWorlc varinnlS . The comrmrisoll of the IHllnericnl vnlllcs fo r l>oth c:o:temnl 
anu illleOlal staudard errors of lhe adj usteu ro,m lcvels showed thnt : 

I· The cxlem a l Slnnuanl crrors or tile ndjusled poillt levels O"Hj ;'IS ",:ell :15 Ihe 
e:o:remnJ JIletIJI lcvel network error O"N were dependen t of the chOice of the 

reference d ntulll. 

2· Th e intenu\1 Slllndnrd elTors of the adjusted poiu! levels (O"I:I ·)in snve iden tica l 
va lues for bol ll Cree onel t'i xed leve llin g network (vnrian ts 3, 11: 5, 6. 7& 8). Th is 
men ns tllnt, they we re indc pcllde nl of Ih e reference cll\ tmll. T he refore, they 
were ;Il Vnri(lfll w ilh res pect to Ihe dah1ll1 Ir:t lls lnli o ll . 

3- Dy decrens illg th e numbe r of the l>enehmarks (fi xed po illts) for the leve lling 
Jle lwork, Ihe nllmc ri cn J values of bolh lhe ex ternnl nnd the intemni standard 
elTors o fill e new poilltleve ls hnve bee n ill cre.1sed (sec vnrinnl s 1, 2& J). 

~ 
_., 

I "manl C2 v~.ianl 1 VaJUJU (~ l v)nant j -~, vari ... 17 varUal Sl 
A,B&.C A&.B= A" 8.M. fre .. NCI P,;I rind P,;, hnl P,li lixnl P,isii...:.d 
;lteBM. DM. 

t '. O.JIS 0)9J 0 ... O.ISl 0.000 o li t O.llS o . .;os 

I Oio 0 .3 16 OJ " 0.'" 0. 114 O.lSl 0000 0.321 0.3 21 
Oll9 o~n "" 0.212 o Jlj O.llS 

I '" 0000 D.il.! 
,', 0161 O~~.! 0671 "" 010' 0311 ons 0.000 

J , o j)2 O ~N 0 .... 0. L9S O.loa 0>09 O B) OJn 

j (Clio.~ O. I ~I 0.156 0 .111 0. 181 0.000 0\12 0 181 0. 112 

1 (ClfIo~ 0.14) O. ISS 0.114 0. ts4 0. 114 0000 0 .11" 0. IS4 
(CIllo). 0.164 0.1 17 0 .212 02 12 0.211 0212 0.000 0.212 

1 ' , 0.164 0 116 o I?? 0. 199 0 .199 0. 199 D. I99 0.000 , o. tSJ 0.170 0. 19S 0. 1'lS 0.172 o 17l o 16) 0 '" 

JV- Table (5) shows the relative standard errors between the adjusted levels of the 

nelwork points O"H il-li l>ased on Eqllal io lL ( 14). II was fotmd n·o ln tile obtained results 
tha t. all the nume .. ica r va lues of Ol-liHj for <I II the c i&ht variaut s wen: ident ic;!1 wilh the 

standard en-ors of tile Ildj llsled level dirrcre lLces o6,lli ill t<l blc (2). This means thai, Ihis 
mC:lSUI"C describes not only the precision o f Ihc adj usted ol>servarions (level 
differences) l>ul a lso (he relative rrecisio n l>etwcen e.,ch pairs of (he ne r\YOIk poi nts. 
There fo re, the sland<lr(1 errors or the level differe nces can give n l>elle r idea for the 
interna l precis io n of the Jevelling nelWork. 

"",,;)11\ I ,,;.,,~'I\ 2 Y¥&"III 1 Vil(l~I" 4 ~. , Yamn, 6 
_., van<>l1I CI 

A.B&C f\&B:lrc ;,is S M. r-.uNu 1', IS find P,li fiud P, is fIXed P, IS fucd 

~,cS .M. ' M 
O'H" o 21 S 0.2l 5 (1.23 1 0.181 O.lS l 0.211 O.lSI 0.2SI 

~,. 0.2" 0-,,' O.l H OJJ~ OJ.)} O.l lS O.))j OlB 

"."" 0.2H 0267 0.105 0105 o 30j O. lOS 0.)05 OJ01 

••• 0.24? 0.2S1 0.321 O.31S 0.ll5 O.HS 0.12S o llS 

... ".,. o.ng 02S0 O.lll 0.31 1 O.ll l om o II I OJ}I 

0 , .... 0270 0299 OllS ODS 0.)11 0.))1 O.H! O})! 

'., O.lll O.l'll 0.60~ . . 

'.,. 0.J16 0.191 . 

" 0 .129 . . . 

. 
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I'lg. 2. The c~(cmal slamlmd errors or lilt adjllslcd k: vc/s (1;011 ) 

" ' .. , 
-4 '. " 
S ... 

' " .. .. 

7- CONCLUSIONS AND RECOMMENDATIONS 

_ ... u .: ....... 

__ A .. ~ .... ..... ." .... _. 

TIle rnaill concl us ions deduced fro m the <lnalysls :md di scussions of Ihis study can oe 
SUlllmarized as follows : 
I· The adjusted levels o r lhe net\vork [lOlntS and their estirnated stil ndard errors afe 

1I 0t Inva llant with respect to both Ihe datum l1anslnlion and the choice ,,~Ihe uro 
variance refere nce (compulalio nal) base. 

2· In fi xed leve lling ne!Work, the standard en ors of the [loint leve ls have various 
geometrical [neaning than those for the free ne twork . They descril>e Ihe exte mal 
plecision fo r fixed ne(wo rk and call be named as Ihe externa l standard errors of 
rh e point leve ls. while they descnl>e the mtclTlal pl'ecision for the free nerwork 
and can be Ilamed as Ihe mlernal slalldard e lTors of Ihe point levels . 

). Because of the eXleOl:ll errors o f Ihe pOOH leve!s are not invariant With respecl to 
both Ihe dfltul11 transl :! tloll alld the chOice or the computationa l bast, they seem to 
I>c illsufficleul for descnbing lhe preciSion for Ihe fixed network. Th.e refore. lhe 
inle nlal Slal1dard errors of Ihe po in! levels (or the fi xed network should be 
calculated using Equation (20). 

<I. By ca lcll ial illg Ihe internal Slandard en ors o f Ihe point levels ill (he fi xed 
network , the compaliso n bet\veen bolh Ihe Gxed and the free levelling network is 
v;l lid . 
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5- The in~l'c:'lSc or the numbcr O[ UIC fixcd pOUlts o r the oute r constl·ainls leads to lhe 
in~reilse of thc internal prec ision of thc levelling ne twork. 

6- The eStimOled residuals and thei r valiance-covaril!.nce InI!.rr1X, the I!.djusted level 
differences and theIr variallce · co variance matrix, the s um of squares of weighted 
reSIduals (Pvv], the determin am of the vanallce-co vnriance matrix of the point 
levels, the geometric mean of the eigen values an.d the aposteliori smndard e fTor 
of uilit we ig!lt are jnvarlant with respect to the darum translation and also are 
independe nt of the choice of the computational base, 

7- The geomenic mean of the e i,;en values g ives a reasonable too l for measuring Ule 
g lobal preCis ion for Ihc whole network. 

S- The standard errors of the level differences give a bener idea for the relative 
mtemal precisioll of the levelling ne twork. 

Finally, the precision predictions for the whole levelling network and individual 
stations are related to the intemal mean st:J.J\dard level net work elTor and the intema! 
standard enol'S of th e poult leve ls res pe ctively. Additionally, we mUSI remembc:r lhat 
the adjustmenl procedures are based on differcnl stochastic assumption, However. 
each group of precision models can be used successfully provided U11:I( the systematic 
errors of the system have been m..inimjzeti, 
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