Mansoura Engineering Journal

Volume 21 | Issue 3 Article 1

9-1-2021

Investigation and Analysis of the Precision Criteria in Free and
Fixed Levelling Networks.

Hisham Abou Halima
Public Works Engineering Department., Faculty of Engineering., EI-Mansoura University., Mansoura., Egypt.

Follow this and additional works at: https://mej.researchcommons.org/home

Recommended Citation

Abou Halima, Hisham (2021) "Investigation and Analysis of the Precision Criteria in Free and Fixed
Levelling Networks.," Mansoura Engineering Journal:- Vol. 21 : Iss. 3, Article 1.

Available at: https://doi.org/10.21608/bfemu.2021.152365

This Original Study is brought to you for free and open access by Mansoura Engineering Journal. It has been
accepted for inclusion in Mansoura Engineering Journal by an authorized editor of Mansoura Engineering Journal.
For more information, please contact mej@mans.edu.eg.


https://mej.researchcommons.org/home
https://mej.researchcommons.org/home/vol21
https://mej.researchcommons.org/home/vol21/iss3
https://mej.researchcommons.org/home/vol21/iss3/1
https://mej.researchcommons.org/home?utm_source=mej.researchcommons.org%2Fhome%2Fvol21%2Fiss3%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.21608/bfemu.2021.152365
mailto:mej@mans.edu.eg

Mansoura Engineering Journd, (MEJ), Vol 21, No 3, Septemberi996 C.!

INVESTIGATION ANDC?{I\I-'?EI‘{ISAS OF THE PRECISION
IN FREE AND FIXED LEVELLING NETWORKS

{ae gy sadl ) azyllly & padl sl lpall aldgs o 2asdl pplea Jibay clezaal

Dr. -Ing. Hisham Abou Halima
Public Works Deparunent,
Facully of Engincering, Mansoura University,
Mansoura, Egypt,

oadalt

G e e sl By Al diean Juae VI e el SR el CASD Gzt S G g Ay o
Ay o M Jas. iy O e a8 Ly e 4D L by el Jaall Clilee ol el 2age el A
Aol bl daze D G Gy el B e s L ad s el GRS o Sa gy dsanhl o RE D es
i g el CMnl i Gy sk G Lpad 43 el LD 38 6 3 () gy S 13 O 4l gy e il
el A G ey i aza e (B eyl gy ada g )y o sadl Sl ] S G 38 4B el
Ghao ads ol e 4G LIS S350 Ayl 0 Al CASLID D e el D 6 sal Ll 08 S L)
At 2 ooa O Al T i o e aim Lpdain 2 e bl JUAS G peald e Bl

ABSTRACT

In the last few years, the use of free levelling netwaorks in the different engineering
constructions has been increased H was clear that comparing the results of the free
levelling  networks with the fixed levelling networks, having the same configurations and
the same measurement lechnologies, yielded unexpected smaller numerical vatues of
common precision criteria than those of the fixed levelling network,

The aim of this research is to siudy the reasons for this phenomena by interpreting and
illustrating the variation in the geometrical meanings for precision critenia of both free
and fixed levelling networks

New criteria suitable to describe Lhe precisions in both cases have been obtained. Hence,
it is possible 1o make a correct comparison between them. A practical levelling network
has been used as a practical sample example using different variables in adjustment
processes for Lhis study

1. INTRORUCTION

Nowadays, the levelling networks are widely used as vertical contral networks for many
purposes of engineering control surveys such as, for detecting vertical crustal movements
and for detecting of deformation of dams, bridges and other large structures.

The quality of these engineering control networks is described by measures of precision,
celiability, economy and sensitivity, The precision of a levelling network may express the
degree of propagation of random errors in the network All information concerning the
precision of the adjusted parameters is conlatned in the variance -covarance matrix. Size
of elements of the variance-covariance matrix expresses the precision of the netwark

The best measurce of precision shouid satisfy the following conditions. .

a- lInvariance with respect to the choice of the computatuional base

b- [nvariance with respect to the datum ransformation.

¢- Independent of Lthe choice of the least squares adjustiment techniques
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d- Characterize the level precision of points in the network.
e- Applicable to primmary as well as secondary geodetc networks.

The main objective of this paper is to investigate and analyze the precision concept for
the fixed and free levelling networks. Also, an important objcctive is to find a imeasure
to describe the intermal precision for fixed levelling networks. In this work, the
adjustment for the practical levelling network is performed by using least square
principles n three approaches :

- Minimum constraints adjustment approach (holding one point level fixed).

II- [nner constraints adjustment approach (free {from any outer constraints).

HI-Over constrained adjustrment approach {(holding more than one point teveis fixed).

2. PARAMETRIC ADJUSTMENT MODEL

The inathematical model for the least square adjustment by the method of observation
equations is ccrmposed of the functional model, which is given in linear form by

v=AX-I (1
and the stochastic model
£y =c2,p-l (2)

where v 15 the n-vector of residuals, A 1s the n by u configuration matrix, X is the u-
vector of the unknown parameters, 1 is the n-vector of the absolute terms, P is the n by
a weight matnx, 62y is e apriori vanance factor and finally Z; is the n by n variance-
covanance natrix of the observed quantities. By implementing requirements of the
method of least squares v’ Pv = minimuin, one gets to the sysiem of normal equations

ATPA % - ATPL = 0 (4.2)
or
N x- U =0 (4.b)

The system (4.0} can be solved easily if r = u and r = rank{A} = rank(N) and the best
estimates for the weight coefficient matrix 1s

Q=N (5)

I case of free network r < u , the matrix of noonal equations N is singular and the
Cayley inverse N™! does not extst. Such a problem can be practically soived by using
the so-called the Mgore -Penrose pseudo inverse, or some other simpiec approaches
like the inner constraints procedure [1,2]. However, detailed analysis of the free
network approach is considered beyond the scope of the present paper.Then the
estimated wejght coefficient matrix of the estimated parameters is

Qi = N* = (ATPA)* (©)
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The best estimates for the solution vector x and their corresponding variance
covariance matrix Iy are obtained as

x=Qz U (7
and .

23 =62 Q& ®)
where 62, is the aposteriori variance factor which is computed from

6t =(vIPv)/r 9)
with r=n-u ( in case of fixed network)
or r=n-u+d ( in case of free network),

where 1 is the number of degrees of freedom (redundancies), n is the number of the
observations, u is the number of the unknown parameters (pomt levels) and d is the
datum defect. Finally, the adjusted values of the observations, as well as, their
estimated variance -covariance mawrix can be computed as

L=L+v (10)
and

I; =62, Qi = 62, (AQAT) (1)

3. ANALYSIS OF THE PRECISION CRITERIA

3.1 The Common Precision Criteria

The variance-covanance matmx of the esimated point levels Iz is the source for all
information required to measure the precision of the levellng network. The cnteria
that can ineasure the precision can be summarized as follow:

I- The standard ervor of the adjusted point level

2- The standard error of the adjusted level difference .

ﬂ'&hi"a‘o J(AQJ-( AT )li (]3)

3- The relative standard error between two levelied points Pj and Pj is given by (7]
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dHlHj:&oJ('QHiHi ¥ QHjHj = ZQHiHj ) (14)

4- The mean standard error of the levels of all the network points is defined as a globai
measure of precision (2,3,7.8] , and given by

5, = ’lrac:‘(t-‘) (15)

in which m is the total number of the ‘network points. This measure is known tn
German literature as mean standard level network error {9] .

5- Another global measure of precision is the geometric mean of the eigen values
(2,7,8], which is given by

o, = n#det(zi) : (16)

which is based on the detenninant of the estimated variance-covariance matrix.
3.2 The Precision Concept in Fixed Levelling Network

In fixed levelling network, the mathematical model for the esumated level difference
from the point P; to any fixed point P¢in an arbirary datum system 1s given by

Ab; = H; - Hy (17

n which Hg is the emrorless Jevel of the fixed point P¢ By applying the errc.
propagation concepts using the variance law {2] on Equation (17}, it was found that

San; = 9F (18)

Therefore, it can be concluded that, in fixed levelling network the standard error of
any new point level oy, is identical with the standard error of the level difference
between 1t and the level of any arbitrary fixed point.

3.3 The Precision Concept in Free Leveiling Network

It is well known that, the free levelling network has none f{ixed points (benchmarks).
Consequendy, all the level pounts are allowed to receive corrections after the
performing of the adjustment process. The mcasure op. i free network can be
obtained [romn the level diffcrence between the new poing “‘cvel H; and the average of
all the levels of the network points
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H. +H., +-----e+ H
F.=H -—L 2 _m
| I m

By putting i = | this equation can be written as
— (m-1 LY
F [———)H —(Hz 4ol m) (19)

By applying the law of covariance propagation [2], it was found that

2
m-| m-1 m-1
QF’(FI [T) QH]H] ; Z[F]QHIHZ T 2_;17 QHIHm
! I
U oy,
¢ L
m2 HnHy
which can be rearranged to
Q =Q & E‘l-_l Q +Q 4 +Q )
FF THH, 2 THH COTHH, HHe
‘ .
* —m—z- (QHle +QH2H2 +.................+QH2HM1
* —=iQ +Q C U y  (20)
m? CH HoHe

In the free network the sum of the elements between brackets for Equation (20) is zero
{6]. Then,

QriF1 = Qe o OF; "Iy (21)

From these results, it can be concluded that, in free levelling network the standard
error of any new point level oy is idenucal with the standard error of the levei
difference between 1t and the average of ail the levels of the network points.
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For the purpose of this study, the levelling network illustrated in Fig. | should be
adjusted m eight variants. In the first and second variaats, the levelling network was
adjusted as a fixed network nsing the over constrained adjustiment approach with three
benchmarks (A, B & C) and with two benchmarks (A & B) respectively. in the third
variant, the (wo benchmarks (B & C) were delcled and the levelling network was
adjusted as a fixed network with one benchmark at (A) by using the minunum
constrained approach. By delcting the last benclunark (A) for the fourth variant, the
levelling network became free from any fixed point and it can be adjusted as a free
ievelling network using the inner constrained approach.

To study the change cfTect of the fixed position on the above external and internal
precision criteria, the levelling network should Le adjusted using the munimum
constrained approach.

In (he variaots five, six, seven and eight, P, P2, P3 and Py were chosen as fixed
points respectively.

All the computations were performed on a 386 PC computer, The computer
programme used i this research to adjust the levelling network via the mentioncd
three approaches was developed by the rescarcher. Moreover, a subrouting for the
estimation of the external, internal and global precision criteria for the fixed and free
levelling network was created.

6- RESULTS AND ANALYSIS

- Table (2) contains the adjusted levels of the network points [:li, the adjusted level
differences Ahp and their corresponding standard errors gy, for all (he eight
variants of the levelling network. Frow the obtaned results, it was found that :

Tabie (2) The adgusied bevels {m), level dillerences () and (e standard eerors (em).

vanant (1) | vanant (2) | vacant 3) | vaemnt (4) | varaut (3) | vanant (6) [ variant (7) | vanant {8)
ADB&EC | AkBare | AisBM. | Free Net | Pyisfixed | Pyis(ixed | Pyis fixed | Py is fixed
are B.M. BM. N
H 74677 7.4666 7.4630 74693 10.0000 10.5529 11.9275 10.6719
Hy 6.9144 69134 6.9151 6.9164 9.4471 10.0000 113745 | 101189
11y 5 5406 55390 5.5405 5.5118 80725 86235 10.0000 87444
iA 6.7958 6.7946 6.7961 67974 93281 98811 11.2556 10.0000
Bl 05532 0.5532 0.5529 05529 0.5529 0.5529 0.5529 0.5529
Ay 19271 19276 1.9275 1.9275 1.9275 19275 19275 19275
&y 0.6719 0.6720 0.6719 0.6719 06719 06719 06719 0.6719
e 137139 13744 13745 13745 13745 1.3745 1.3745 1.3745
{u., 01186 0.1182 0.1189 0.1189 0.1189 0.1189 0.1189 0.1189
iy 12552 1.2556 1.2356 12556 1.2556 1.2556 1.2556 1.2556
Al 17623 1.7634 1.7620 - .

by 1.852¢ 1.8514 3 - ‘ . . .
ahy 1.5366 - - . . A ~ F
Tl 0218 0.233 0281 0.281 0,281 0.281 0,281 0.281
Sl 0.256 0293 0.335 0.13% 0335 0.335 0335 0135
Ol 0.247 0267 0305 0305 0.305 0.305 0.303 0.305
ale | 0.249 0,285 0325 0325 0325 0325 0325 0325
Gl 0.253 0280 0.32) 0311 0.321 0321 0321 0321
(.7 0270 0.299 0138 0138 0.338 0138 0338 0338
o | 0313 0393 0.604 . . . - -
Tize

0316 03N - - - - . §
. 0329 .

- - - - - -




Mansoura Engneering journat (MEJ), Vol 21, No 3. Septemberi996. C 9

I- Free levelling network adjushment using the inner constrained approach (variant
4) gave (he same numerical vilues of (he adjusted level differences and (heir
standlard errors as those obtnined by a minimum constrained approach (varants
3,5,6,7&8). This means that, the adjusted leve! differcaces and their standacd
errors are independent of he least squares adjusoment approaches.
Consequently, they are invariant with respect to datum translation,

2- By decreasing the number of the benchmarks (fixed points) for the leveiling
network, the values of the standard errors of the levei differences have been
mcreased (variants ), 2, &3).

3- The adjusted levels of the network points depend upon the choice of the zero -
variance reference base. Therefore, (hey are not invariant with respect to datuin
transiation.

Il- Table (3) gives the common global precision criferia for aill the eight variants for
the levelling network. In addition, the sum of squares of weighted residuals [Pvv]
and the aposteriori standard error of unit weight do are also presented. From these
results, it can be noted thal : :

I- The estimated aposteviori standard error 6o and the [Pvv] for the free levelling
network adjustment using the inner conshaints (vanant 4) were the same
numerical values as those obtamed by a mimmum consmained approach
(vanant 3, 5, 6, 7& 8). Tlus means that, the aposterion standard eivor o and
the [Pvv] are invanant with respect 1o datum wansiaton.

2- Similarly, the determinant of (he weight coefficient manix [dei(Qg)] and the
geometric mean of the eigen valucs oy, were also invariant with respect 1o the
datum translation,

3- By increasing the number of the benchmacks (fixed ponts) in the levelling
network, the numerical values of the do, trace(Qy), det(Qg), oy and ay, have
been decreased (see vanants 1, 2 &3), whereas [Pvv] has been significantly
increased,

4- Trace(Qy), Quy and g were not invariant wilh sespect to thg datuin
wanslation. They were depend upon the choice of the minimum constraints,

Table (3) The common global precision eriteria,

vanant (1) | variant (2) | vaaat (3) [ variant (4) [ vanant (5) | variant (6) | vanant (7) vanant (8)
AB&C h&llgn AisBM | Free Net | Py isfixed | Prisfixed | Pyis Py 13 Gixed
are B.ML BM.
a ) 8 7 6 s 3 3 6
u 4 4 4 4 3 3 3 ]
4 - - - 1 = 2 . -
; - - : : : 41563 1 4lsu 1 13568
6317 15135 14568 1.4568 1.4568 1 ; F
?}::? Io.?ill 0615 0697 0.697 0697 0697 0697 ::9;,
Trce(Qn)*| 13477 1.8996 35930 0.3126 0.5854 05913 06848 sam
Qun * 0.3369 04749 03952 00782 0.1951 0.1971 02283 21
o (em) 0332 0424 0.660 0.195 0.308 0.309 0.333 0322
det(Qu® | 85884 | L43E3 | 3ES | A9ED | A29E3 | 429E3 | 429E3 | 4.29E-3
aw_(em) 0.098 0.120 0166 0113 ! o3 0113 0.113 0113
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1= Table (4) shows (hie external and intemmal standard ervors of the adjusted point
leveis as well as the external and internal mean level ncrwork erors for all the
cight nerwork variants. The comparison of the numerical values for bollt extemnal
and internal standard errors of (he adjusted pownt fevels showed that:

I- The cxtemal standard covors of the adjusted point levels oy, as well as the
extemal mean level network emor oy were dependent of the choice of the
reference datum,

2- The intemal standard errors of the adjusted point levels (“l:li)in gave identical
values for both (rce and fixed levelling network (variants 3, 4, 5, 6, 7& 8). This
means hat, they were independent of (he reference datim, Therefore, they
were invariant with respect to (he datum translalion,

3- By decreasing (he number of the benchmarks (fixed points) for (he Jevelling
network, (he numerical values of both the external and (he intemal standard
errors of the new point levels have been increased (see variants |, 2& 3).

Table (4) The extenial and intemal standard errors of the adjusted levels (cm).

vananc (1) | variant (2) | veriant (3) | vanant (4) | vanant (3) | vanant (6) | variant (7) | variant (3)
AB&C | A&Bare | AisBM. | Free Net | Pyistixed | Pyis fixed | Pyis Gxed | Pyis fixed

are B M. 8.M. -

o | 0318 0393 | o060 0182 | 0000 | 028 0335 | 0305

i o | 0316 | o032 | o6s6 | oise | o2m | oooo | o325 | ez |
o | 0329 | oass | os; | o2 | oms | oxs | ooco | o338

}  oi | 0362 | oaas | o6 | owe | odos | o3 | oms | oom
me | 0332 | 044 | 0660 | 0195 | 008 | 09 | 0333 | o3&
(il | O | 0156 | 0182 | o0as2 | 0000 | 0182 | 0182 | 0182

i (kh| 0143 | 0158 | ouss | 018« | 0484 | 0000 | ouss | o1
(omh | 0164 | oas7 | 022 | o212 [ o022 | o200 | o000 | 0212

¥ o] oa6s | o1 | oo | o1 | oum | oug9 | o | oo

(oudy | 0.153 0.170 0195 0.195 0.172 0172 0163 0158

V- Table (5) shows the relative standard ercors between the adjusted levels of the
network points oy based on Equation (14). It was found fromn the obtained results
that, all the numerical values of o1y;jj for all the eight variants were identical with the
siandard enors of the adjusted level diffcrences oy, in table (2). This means that, this
measure describes not only the precision of the adjusted observations (level
differences) bul also the relative precision between each pairs of the network points.
Therefore, the standard errors of the Jevel dilferences can give a better idea for the
internal precision of the Jevelling network.

Table () The relative slandard errors between the levelling network points (em)

vanamt (1) | varnt (2) | vanant (3) | vanant 4) | vanant (5) | variant (6) | vanant (7) | vanant (8)
AB&ZC | AkBarc | AisBM. | FreeMet | Pyislixed | Pyisfixed | Pyisfixed [ Pyisficed
weBM. | DM
O 01218 0235 0.231 0.281 0.281 0.281 0.281 02381
oun | 0256 0293 0.335 0.335 0333 0.335 0335 0135
au | 0207 0267 0.305 2305 0.305 0.308 0,305 0303
Onwe 0.249 0.285 0325 0.325 0.325 0325 0.325 0325
Surn 0.258 0230 0321 0324 0.321 0321 0.321 0.321
. 0270 0299 0338 01338 0338 0.338 0.338 0338
Gina 0313 0393 0.604 . . - . -
0316 0392 - - . - - &
’., 03129 & & - . - - -
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7- CONCLUSIONS AND RECOMMENDATIONS

The main conclusions deduced {rom the analysis and discussions of this study can be
summarized as follows:

{s

2-

The adjusted levels of the network points and their estimated standard errors are
not invanant with respect to both the datum wanslation and the choice n<1he zero
variance reference (computational) base.

In fixed levelling network, the standard errors of the point levels have various
geometrical meaning than those for the free network. They describe the extemal
precision for fixed network and can be named as the external standard errors of
the point levels, while they describe the intermal precision for the free network
and can be named as the mtemal standard ertors of the point levels.

Because of the external errors of the point levels are not invariant with respect to
both the datum transiation aud the choice of the conputational base, they seem to
be msufficient for descnibing the precision for the fixed network. Therefore, the
internal standard errois of the point levels for the fixed network should be
calcuiated using Equation (20).

By calculating the intemal siandard emors of the point levels in the fixed
network, the comparison between both the fixed and the free levelling netwoik is
valid.
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The merease of the number of the fixed pownts or the outer constraints leads 1o the
incrense of the imternal precision of the levelling network.

The esumated residuals and their vanance-covariance inatrix, the adjusted level
differences and their variance -covariance matrix, the suin of squares of weighted
residuals [Pvv], the determinant of the varance-covanance matrix of the point
levels. the geometric mean of (he eigen values and the aposterion standard error
of unit weight are imvariant with respect to the datum translation and also are
independent of the choice of the computational base.

The geometric mean of the eigen values gives a reasonabie lool for measuring the
global precision for the whole necwork.

The standard errors of the level differences give a better idea for the relative
uternal precision of the levelling network.

Finally, the precision predictions for the whole levelling network and individual
stations are related to the internal mean standard level net work error and the internal
standard ervors of the point levels respectively. Additionally, we must remember that
the adjustinent procedures are based on differcnt stochastic assumption. However,
each group of precision madels can be used successfully provided that the systematic
errors of the system have been munimized.
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