
Mansoura Engineering Journal Mansoura Engineering Journal 

Volume 21 Issue 4 Article 1 

12-1-2021 

Evaluating Accuracy of each Observed Direction at Triangulation Evaluating Accuracy of each Observed Direction at Triangulation 

Points When Using the Method of Rounds for Angular Points When Using the Method of Rounds for Angular 

Measurements. Measurements. 

Zaki El-Sheikha 
Public Work Department., Faculty of Engineering., El-Mansoura University., Mansoura., Egypt. 

Follow this and additional works at: https://mej.researchcommons.org/home 

Recommended Citation Recommended Citation 
El-Sheikha, Zaki (2021) "Evaluating Accuracy of each Observed Direction at Triangulation Points When 
Using the Method of Rounds for Angular Measurements.," Mansoura Engineering Journal: Vol. 21 : Iss. 4 , 
Article 1. 
Available at: https://doi.org/10.21608/bfemu.1996.152823 

This Original Study is brought to you for free and open access by Mansoura Engineering Journal. It has been 
accepted for inclusion in Mansoura Engineering Journal by an authorized editor of Mansoura Engineering Journal. 
For more information, please contact mej@mans.edu.eg. 

https://mej.researchcommons.org/home
https://mej.researchcommons.org/home/vol21
https://mej.researchcommons.org/home/vol21/iss4
https://mej.researchcommons.org/home/vol21/iss4/1
https://mej.researchcommons.org/home?utm_source=mej.researchcommons.org%2Fhome%2Fvol21%2Fiss4%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.21608/bfemu.1996.152823
mailto:mej@mans.edu.eg


\I:w~vurn En!!m,,<,rill~ Journal . (I' I EJ). ',:,,1. .: I . ~\) . .1 . D .. ( .. mh~( 1996. 

EVALUATING ACCURACY OF EACH 08SERVED DIRECTION AT 
TRIANGULATION POINTS WHEN USING THE METHOD OF ROUNDS FOR 
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ABSTHACT 

l :ntt! the Ttl'ent time. !here ;\.'as no f;)anub enabling (0 .;,un pult.' ;ne mean ,.qil.1(e 

error:' hH c;ldl llb~crveJ Jirecli"11 for angular l\jt:a:;ur~tllem :; I!l i ~ dtld 2l.2Sl ,)r·jer 
!n,lI\~\II C!lIon II t~ u~' laily ~ ul'po~t'd Ilml ;tdj u<:le d v;uues ~) flhc$c JU-!:CllOl15" are equal 10 tht 
'jverage v,liue c;}jcuJated from m rounill . 

~l\ ,ius paper. tlll.:re Wi:-13 a ckd",ctlon, 0f iimnula enabling to Cv!llpu!e the lIlc,m iqlmrc 
error tin each adju::.: lt:d J rro!l: iJon ;.Ill he re lerence poi.ms. This :-""!1n~.!.b, ti rec...,m.n:;!ndeJ !0r 
the jHuctle:ll US~ , 

INTRODUCTION 

ror ong.ular mi::J.;;l\fcm;;Jlls m l;;t a.nd =:nd order trianglu3I.lon. lh~ [':::lIe '.l::-d mcthu,(~ 

~nalJhng :0 f;!prCscnt the ~t:suh:) of measurelllcnlS ;lIId their :lJiuslOu<:m un ~;;:.;h rdi:n."Jl<:c 
point as n "eries of observed directions hovln% the ~:l.me \,; ~ igj1! II j" Wi.1<lUy ~ 11r-P"S~ J 
lh<l1 ildju.";led vfl1ues \)f these JireL:l1ons are eq ual to) l.Iverage ... al uc:; L:al\.:uhucJ !'r' llll m 
rounds. have the same welg.ht Pj = m . 

. -\cccptcJ November 2.7. 19<:J6 
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This a~"Sumptlon doc:s not rake Into "!::cuunl t1iffc relll impacts of V:lTlOUS [nctors on 
Qbserved directions, :>uch :J.S changes iJl refracl ion. oscillall oru- of signals. etc". That I.S why 
:hi ~ [annul:! does not give rufficiently complele informllion on (c31 welghts t ~f e3L:h 
!Jldividually taken oojusled direclion. An obJcclI,,·e judgement on :.IC"curaC"y of c:Jch adjusted 
dirc~tion may be obtained orJy on the basis of n::.1I resu1l.s of mc-.l:)uremenlS. Foe thai . with 
:hc use of these results it is m:ce:'sary (0 clll.t.:uL.ue mean ~quacc errors for c:xil "bsrCNed 
Jircclion <.tTtU not their ;Jvccageti V&UI! jor :.ill. ::.ighlcd Jircc,ium;. as iJ. is usually being 
Jone UI prncllce. This 1&1 remark could be c>.-plailled b~ the fact ItU.U WltJ.l recent (inle there 
was no formula c:: n;.Jb1ing to compute thc::~e t:rTors. In 1~89Ine(t' wa:; propo~· t!"d one Qf 
.'lIen fonmuas (1) but \\<1 thOUl liS deducliolL nor theoreuc:rl :>l.IOsto;nuOIJon. Th:JI1S wh~' il 
' cems to be cxpedicnl 10 fill in !Ins gap. 

DEDt'CTI0N 01' FORil1ULI E:'(.leLf~IG TO CO~IPUTE ,lEAN SQIL\R E 
ERRORS Of AD.JUSTED DlRECTIONS OeSERI'CD ,11 REFERENCE PO iNTS. 

in r h.i~ 1':\PCT f{l f the r~l time in geudeli.: publir..atwa~, d1t"n: \~111 'ot..: ;lvcn :.J 

Jcductioll of fannula enabling iO coomlilc me,U\ ;;,quare error;; foe eoen adjllslcd ~fue';l loli 

. lb~C:""/cd ll! rh .. re ft'"re IKt: rdi" j :<. 

l.el 11 5" $lIrr, 'se 11;:1.1 lhere acc n di rectIOns 10 be ~,y,tcd :11 :l refcrcnc!! potnt h:.l\1.ng 
r.~lJnbl·: S J"I. : .3 .... n ;lnd th31 (hey W~'f~ l' bstrv: d in il ::ingk group 1 '.""JlhoU( J.mding i !i .... 01 
Ul :?rOUp,, ·, by m round$ . In ~ach rOlmd d.ir~ctioll s ~n.: rcdu,;cJ (0 tht: ilulial (fmt) 

..lJ..recll~n . Oe-::ignoling. by (l J ) the ilI~c;j me:.lSUled in i·J, round. ,;-.>mputed frvm lJlJu3i 
·ji.rt:clion. and by fl.}) Ih~r adjustcd .... al lles. eakukucd ;1:;: 

, > 

IJ ·j I: -'-" ().j). 
m""7 

III 

I"hc:n. the n::~ttlt:> of observations md (hell :.Klj~'mt:nc \ll :l co ntrol pairu ("Q uid (Ie 
i~'PrC"stnl.Cd as a senl:s Of din:clioRS. thcir ,,-alIIt:s i>cing glven in the foUowlng table: 

T·lb!c (1)< , 

Direction No. i I Auusted \:aiuc.': I Error M; 
1 f 000 00. 00 i M\ , ! [121 

, 
M:;! , 

) I [1 )] ! M} 

• 1 (1.4 J f M4 , 
I I .. .. 
I Ii ' !Il" 

... 
n f I \in 



II is knO .... 'l1 Ih:)1 Ir:1 result tHO :ttljuSl mer.1 :~ f ;Jngl1b r me:.lStlremen l~ ';:\.~C::u ~)111 ;)1 ;} 

conlroi pOUlt LS re?re~emed ;lS :l ~ I!rie)' of dire~' l lOru: ob:::c: rv(d (as II is !'hown lJl T ;)bk I), 

, h.en In( inver.;e wCIg.ht of an :.mgle J.1, C:!/Cu}:.Ifed :15 difference of n::ldings Jone ror 
dirtcuons I :ll1d J, C;)Jl be IOHnd as foUows {I J: 

: t I - :: - ,.. -
~j. l Pj PI 

12) 

or. wh<IL c. Ihe same. by means. of: 

13) 

wht:rc:: Qi and QJ are {hI;' !nvcr.;e weights of dirCClions. jomun~ an:;!c j .t. 

Tht! tlir:!ctions ",-ighted ;lI ::t ..::..'nlrol p.l in! I.~t:e Table I) ·.:otlh.l be grouped to !Of::, :I!! pc.~ .~ ib J.: 

JJlgJt! cOllloUlaUOn.:>: 

. , ; ; , I. n I . ... -
: .3 2." ~ . n 

}.+ 
, 

( 4 ) , n 

n- Ln 

The number .,f .il1c:lSun:d ;.l;1g.k:s r ( -! ) ~ cqltallo Ihe numbl:r I, f 1.,.;noin;Jtion::: ,jf .. ;':.::' I.C. 
r = c 2 "" 11\ 11 - 1) ( 5', 

n ! 
l!~-;ng I)) f('lf :It!jus\..ed :1.'lg!es ofthc firSt ro~v (4) we conhl -.\11iA: Ihe follo'l'oo'lllg: 

QL2=Q I+Q2; 
QU ~ QI ~Q3: 

Q I.. - Q I+ Q" 

Ql.n = Q \+ Qn. 
for MgJt:$ of l ite :<ecofiJ row: 

Q' - Q? ~ Q ' _.n _ n. 
(B) 



for angJes of the third row: 

Q3 A - Q3 + Q4. 
Q3.5 .. Q3 + Qs; 

(e) 

In :.-imiJar way one t:~ obl.nn t:oTTcsponilin~ I;qu;JilOm;: for all olher Jll~t:~ (.41. 
Let us and the inverse welghc o f Ihe fu~ t adjusted directJOn. Sun uning up fir~t lWO 
eqll3Llon:; of the; group (A) term by lCnTl. anu subtr.1cting the first t .\l'r~~$l()n vf the: group 
1):3') from this inm. we; obl<llJ1: 

from Lh~ the fust value; of uwt::se wc:ighl t:; round a> . 

( " t 
1,..' " .,, -tV, ' - ~l · - I,..'~ · ) I l .- . ~ -.~ 

SlITT1.r.1m:.! up I IlL: lir"l .m ti ! hWl :' .';p rl' ::;~ i()rl" ,) ( the: gr~'II 'r ' ,-'.! :1 r1d :'11 hi r:!;;t ln g ! tll; '.'I:U 'nJ 

,me 0{ the group (B'l [rom the rt: ~mit. we could lind th:! ~ ccond value or lhe mvtrs-e we;lg.ht: 

Using.;1 ':UTiliar appr0uc h f;.)[ ).n'icrs:e wCI~hts of o:ltcr angl~:; . ~,d.i(atcd Ut the firs t anu 
:>t'(ond f(J\V~ of H ). WI:: obtai. .. Lhe foUow~:g t:xpre::.itOI1$ fOf tnver-:-c; wi."i~,ht Mlhe fif:>t 

Jin;;uioll. 

()( j )c: l")L ~"") "-"' " ' I !." .. ..... j "'. -." 

) , 
I...~~ !, ""~(Q U"'Q Ln-Q 2 . 1l )· 

Then. ::,u.nurung. up tll t second expreSSlon in group (A) with. each of subsequent eqlliltlOnS 
;.l:ld :;ubtrxl Ulg .:orrespond.ing equ::d ions of Iht: group (C) from resul t:; vblain~d,. ,ve l~oclJ. 
'., .. tilt: thut: 
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in runilar way. aU (hI! 0ther equations 1)1' ; A) and (he y("lllpS roUowin~ ,he group (C I 

o;:nobk 10 ubt:.lln ~:lI - L)ln -1 ) values Clf l11.Verse we\S~.ht$ t..., ~i) for the f:.rs( adJ\b"teJ 

rlu"ecli,m. \ .... hcrc n I~ !hc IlUmb';:f of fay" "Jgill«:i.l . nil.; till:ll '1alut: nf ill .... er,~ t' we ight '1fthe 
f!Jst adj usted UlJectlOn I~ equ:u to Iht.: me;m or;ill (onl !'uteJ ·!3.h u:s Q: I; WhlC~ t:outd be , 
found h:o' lIlt.:flllS of toUOWUlS generaliz.ed '-")Oltul:l: 

~ n -! )!: Q . - ~ \...I ' J. 
) J. l l. • , ----7C-,~~,,~' \ . ( u !)(n - ! ) 

",,.lItre.: i. k .. I. 

<6) 

Tho;: tirlit e'emell! Ul Llit nOlllinl"U')( I ~' rdl"UeJ 10 IhO:lt: <lngki .)f i:n whiCh af.: Cl)nnn:h:...i with 
lnt: direclion nnmber onto I.e. 1(' the angle,> I j . the second (Ieme;)l J ~ (ebled \Q ')Iner angles 
of the youp (4), wroch nrc not cormecled ..... i lh (ht: fast dueclioll. I.': . to angles i.k . 

TI1Cn. laking the ~xpn:SSlOm of the group (0) \lS a basis <'.nd perfomung _'L'lular 
m .. uupubtions. we lind inverse · . ..,·eight of the second adjusl!:d J.irectlon: 

where ~ k '" ' 

rhe UlVe~e weight Q3 of the lhird JdjW:led direction 



(8) 

, .... ·here i. k ;: 3. and (hen Ihe same could be done ror the fo urth and other din:(;uoru: . 
-;xprcsslons (6) - (3) sho w that the tnvuse weighI. of :.my adjusted direction is compUled by 
:ne:lnS of Ih~ $;lme rute. In o rder 10 compUle the inverse weight of the du"ecLJon wnber J, 
.·ne should Jivide aU the ang,lc:s (4) intu two ~ub~groups_ Om: of them should inchu.le the 
!IlgJ~ j. t which c('nloined the directionJ Lo be evalui1ttd. lhe "ecand one ::-:hould iHciude 
ul lhc: vi ner ~1ngk~ Lk which do nOl conwin the Jin:ction J 

'- ht:n the fa mulla for the computing or" m y adjusted l"J.vt:mgeci Crom m rounds) value M' 
"( Jiremon j .;.)\\1d be \\-l1ll t n os !o UOWS 

. i n- ~)Z:QI . I · :QI . k 
1.....1 a " (9) 

I (u - \){n -!I 

d :.1$ dC\t::TI1 .. 1.r1l:~ now lhc i.nver~e weight ~!.k of.ill the :lI1~:'-::; IJ:I. (he ;jtij\l~(cd value or' 
'!"!.y ~01gle [! kJ me;~uIt:d by rOllnds method!s Cl)mputt'J :L' (he me:m v:tim: of m rounds: 

rr.K] "" l~ , •. _ , _ , 
- ~\t.!\') .( I- f. - L . ... . Il ) 

"' 1 

'fL Ihis C;JS~. the i.nvc r~:e \\·eig.ht Qu~ tvill be cquailo Ihe , 
.... ) u·: = .\f f. K. ' 

duch IS calculaled ~ !oUows: 

"iqll:lfc\..! R...\i.SE .\1LK I..~f an ;mgk: 
nO) 

(lJ) 

X:lcrc VI.K - (IX) -II.K] b [he .;lifference bc(Ween Ihe vaiue oft.hc angle I.K obtameJ m 
.1 fI'\l nd :mJ lhe average v;'tlur.: vflhis an~lC' vb[ainr:u fro m m rtlUIIIJS: m!s the number ilf 
rounds . 

. 'ontlub, ( 10) n.Uowed for ( I I ) tr:msfonm 0,[0 : 



" .. -
. - '. i.~ 

" I.K ." m(m _I) 

\.; ~.j 

(12) 

When \~mg {he method vf rounds thl! vaiues of :Ju.lus1ed direclions are equal I.:> thelf 
ijveragc: v~oJur::s ,a}",ulateu from m rnunds _TI li:Il l:i why the l1\VCf"$t! IoIicigru Qj of ud.iuSh:;J 

,-aloe of a dir~Cllon is equol to It.'; squ:u-ed R./vISE .\Ii comp uted by mt! ~VlS of the fO Ol)ui<! 

(l 1). 1 e.: 

: ... . - \ 1; 
"J J 

\ , = :,). 
. .1 v'.1 

(13) 

(1.!) 

Rl'pl.acing (~ by lLS \;a.iu<: I '-» ) and J.ilvwwg fo r [he fu.:t th\1I (h~ UlVerse welghl-;- 0.1.[ :.l.llJ 
, ~~J.l..:. ~·l)l ljJ bl' d.;tc:nn1ll1:J ,V\l h in:: u!'c ,lf lh.; t,'n nul;J ' 1 ~~. We "bl:u:l lilt" liu:J f,'r:~llb ! lIf 

the com~UUJ'lg ~'f RMSE for each adjusted ilirecllon: 

(15) 

where j i ~ lin: number of a din::I.:l lIJtl: 

V.l t - \ J.1 ., • 1 j J j .Uld Vd: "'" ~ LX , • ll .k I ilIe t h~ devi;J.livm of \ll1gk::> mt;;~lIred L'l 

rolUlds trom lhelI me311 ... 31u~: 

m lS th e number of rouni.l.s . 

The '>:UlTUT\U1g up of d<.! \'i;)lion3 Vj .13Ild Vi.k is performed foc -.illlht' round.;; I<li:en 
logl.:Lfler. 

In Tables 2 and 3. thac i:< !9ven an ,:\;\mple o f compnt aJwn vf mt::lIl ~y'U;\Te errN~ 

' Y[J tor tilllhe.! direl' llons t)b~erved ill the second order tn:ll1gukluon pl\iru . 
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Table J : 

Direcuon No. j r A.djusted value of 1 I v 1.11 
observed 
direction 

rf> 00' OO".UO '8.51 , 6J 15 45. " 77.82 - o_ 

J ID'J .7 24. - 0 91.5: 

• 186 34 N . 06 87~ 

CONCLUSIONS 

C.':6 

~\f, 

39.03 0. : 9"' 
~. 72 O. ~9" 

76.02 0 ... .... " ." 
SO.31 0.34" 

F 0 nnwIl t. j S'l Jedw.:ed ill I}uS 1)<lPtf b ~Inct and coul<.l bt) relJQllullt'Olkd f\J.T PWC; ICa! 
(~ t: In orJer to Vtnr'y Inl.- /,)rmULl;; nU11Ie-n!..·a!ly. leI \L:S o..;()mpu1e tWICe thc :wcr3gt:" V:ltt l C "f 
R..:"" ISE \ h' fo r all t' b~e rvl""d tUreenon!:' taken !o!ZI:thc l. .. \I,;t:o rWn~ I') (he d:lt;J of'bble J we 

. ' --

' '' \r~ __ -" I) " ' I - I _ '. .,)7 . 0 -'I" .' N - 1,-- - ,'- - - . ' - ' . 
. ';t v 1 

lh.i.ne. weU \;.."10wn formulas [2 1. ~"abo .;ouki finJ II\lS villur! : 

rl6) 

n71 

According 10 ute da!3 of Tobie 2. we have 2:[\f] "'" 167 ~ Talu.JlS mlo account 

that m ""' I~. n '"" 4. the. foUowing 'CSullS is oblalnl.;J With Inc usc ui Ihl.; second c.xpre:;:::iun d 
(hh 

VI. - ·1 6!.~<l - n ''>5' ' • N - V 1384 - .t . . 

As one coulJ .sec. these values Obli:hned by means ;.") f t ot.all~· Jrlfercm fonnula:;. are Ihc 
~ame . Ih\l :> .:onflrming Ihc reliability ofthe fonnuJo ( 15) Jeduced in lhlS l>"Jper. 
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