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Kinematics Analysis of a parallel robot with 3 DOF
and 4 segments in pure translation
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Abstract

In this paper we present the direct and inverse analysis of a geometrical model of an
UPS manipulator with three degrees of freedom added to a PPP passive central segment.
This structure provides a pure translation motion. We will also determine the relations
between generalized and articular velocities by using the inverse Jacobian matrix. Further,
we determine the reciprocal relations between cartesian and angular velocities of the end-
effector via articular velocities by direct re-inversion of the Jacobian matrix. This study
aims of implementing the control of a parallel robot manipulator. A prototype of a parallel
robot has been built up in our laboratory in order to validate the proposed models.

Key Words: direct geometrical mode), inverse geometrical model, UPS manipulator,
passive central segment, Jacobian matrix, parallel robot.

1. Introduction

These last years, the manipulators with a
paraliel structure have constituted a pole of
interest for researchers and industrialists
because of their interesting performances:
high load capacity, movements at high rate,
high mechanical rigidity, low mobile mass,
simplicity of mechanical engineering and

possibility of locating the actuators and the
sensors on the base, or close to the base.

Historically, these mechanical systems were
initially developed for applications other
than the pure robotics field. The first
mechanical system of this type was the
machine built by Gough [13] in 1949 to test
the tires of the planes. Thereafter, Stewart [2]
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developed this structure 1w use it as a light
simulator. However. the idea 1o use parallel
struclures i roboetics is in lact more recent,
ndeed.  hidal 3] has  suggested  this
architectuee for a machine wol. Hant |12)
has identilicd certain parallel avehitecures
thvart more potential  in
robotics. i this way . several rescarchers
such as Merlet 1] and Reboulet [3] have
deeply analysed these architectures.

oller sigmlicant

Since  many  industrial  applications
require only one pure translation mavement
such as the positioning ol a tool in an
assembly  line.  some  rescarchers  were
thevefare interested in the analysis of parallel
robots with three degrees of [reedom in pure
translation,

Tsai [4] in 1996 has
of a robot with
UPL (umiversal-

In this course,
studicd the kinematics
parallel  structure  of
prismatic-universal) 1ype.

[n 2003 Kim and Tsai [6] have analysed
a paraliel structure of type RPS. Joshi [11]
has studied a parallel struciure with three
degrees of freedom and four bars. Kim [5].
Karmcato [7. 8]. Stock [9] and Callergarn
{10} have developed the kinemalics of a
parallel  manipulator of 3 d.o.f in pure
translation.

In the present paper. we will present the
gcometrical and kinematics modelling ot a
parailel structure of three degrees of freedom
( o0 ) and four segments with one passive
cermral  segment  of  (ype  Prismatic—
prismatic- prismatic { PPP ) to constrain the
structure (0 move in & pure  transiation,
Analvtical solutions have been found and
will be presented for the direet and inverse

geometrical models as well as for the
kinematics model. In order to validate the
theoretical  analysis, an  experimental

prototype was built up in our laboratory.
The  geometrical  model  has been
implemented and uscd for robot control.
2. Geomectrical analysis

2.1) Kinematics structure

The manipulator under consideration i1s of

three degrees of freedom. [t consists of a
muobile platform connected 1w a fixed platiorm

A. Cherfia, A. Zauin & M. Giordano

vig three active scgments and one passive
central scgment. One calls segment cach open
chain that connects the “buse 1o the mobile
platform (Ihg. 1),

w
By u _,.a-'i
§ . B

Mabile plstlorm

v Pasave semme

Pissive seoment

- —————
1 Active seement

Vixed plailorm

Fig b .a Paraltel Roborveith four segmenty

In order to specily the fnal structure
of our parallel rabot. we must. initially.
detcrmine the type ol the artculations
that one must place in cach end of the
sepments. For  this purpose. i1
necessary (o consider the sitwation where
the svstem is i halange. This means that
the mobility of the mechamsm slands
null when the acluators are blocked n a
given conliguration.

To determine  the (ype ol the
articulations, vne needs o determine the
mobility of an isostatic space mechanism
aceording 1o the Grabier's formula [ 1.

m=6(s- n-1}+ >d ()
it
Wilh
s the iotal number ol sohds

icluding the base
n: the wotal number of articulations

dy: the number ol degrees ol

(reedom of articulation 1

In the case ol a parallel structure. 1l ong
notes

the number ol segments
And

Ck:  the number of degrees of
lrecdom associated with each segment

We have:

"
Y Chk=m+6(p-1) - (D)
1=
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Since our system has ihtee degrees of
frecdom and Jour segments, thus m = 3 and
p=4. By replacing these values into relation
{23 we gel the Tollowing expression:

ClC2HC3+ (=2

To respect this cquation. we can combine
different tvpes of Ck

For nstance. we can choose C1=3 and
C2=C3=C4=0,  |his means that we have 3
degrees of freedom for the passive scgment
and an orthugonal kocecap shde and  1wo
pivols for the other segments.

Note that we can add additional degrees of
[teedom that do not modifly the movement ol
the mobile platform.

It our specilic case. we consider that the
three active segments are connected w0 the
fixed platform with universal link and to the
mobile plattorm with 3 dof koncecaps.  The
passive centrtl bar has 3 doo.l and can have
severa) conligurations or type ol mechanical
struciures bul we choose a structure ol the
type PPP 1o give to the manipulator o pure
translaiion. There s thus -3,
C2=C53204=2+ 143 and m=3,

2.2) Geometrical analysis

¢t us consider a reference frame X, Y. 2
of center O related o the fixed platform and a
reference lrume U, V. W ol centre P related (o
the mobile plattorm (Fig. 2).

Fig.2. Structure ol the passive central
segment

The aclive segiments are related o the
fixed platform al pomnts A | A » A
which arc located at a distance 1, with
respect to the centre O and connected (o

104

the mobile platform at points By 135 and
B 3 . The angle fs measured between
the X axis and the line- OA, and in the
sanmic way between the Y axis and the
ling P,

In our case: the anele f§ - 0,

The co-ordinates of the veciors OA, and
P13, can be writtens in the following lorm

“OA; = M, =, 0 0 3)
B-f'_)-ﬁ, = nb; = b.rh‘- hu Nt _|1 ['1:'
Wheie

fa, = CPera SPLO | Li=1.23
"o, = | th CR b 8B, 0] i=1 2.3

Where OB and SB, are the cosine and sine of
the angles 3,

Let oy consider  the  pomt of
connectiom Goool the passive segment
with the fixed platform and the point of
connection T of the same segment with
the mobile plattorm. The co-ordinates of
these points ol connection are given by

"0G="g= . . 0] (5)
P11 = 0= [y . 0 (6)

where Px, Py, PPy represents the cu-
ordimates ol the point P which i the
centre ol the Srame UL Vo W, with respect
o the basic reference trame.

Consider the Vector P which is used
(o deline the position ol mobile platform,

Ve OP - P PP (7)

The rotation matrix Ry is used o
delme the orientations of the maobhile
plattorm  with respect 10 the basic
reference frame.

[Mone notes @ 6 and yw Cacdan angles or
RTL (Roulis-tangage-lacet) detined by the
suceession of three rolations around three
anes Xo YV and Z o pass (rom the frame R 1o
R 1

The matria R s thus writlen:
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=R, (@)R, (0)R, (y) ()

To simplify the writing of the matrix of
rotation. we replace in all that follows cosine
ol the angles by C and the sine by S, then one
will have

Coly, Cdhohie SOy Udha U Sosy
My o SO SONaSw e oUW SHSaCy- Uiy 1%}

=S Climay CUCy

- . '-I
We o introduce the matrix Tu thal

defines the orienation and the position of
maobile platform with respect to the basic
reference frame.

(10

The development of (10) provides an
equation  system containing  six  variables
(Pyx. PPy Py 00 ) where three only are
independent.

Les consider the representation of the
point P as the end position of the passive
scgment with respect to the basic relerence
trame. The central segment is analysed as an
open articulated mechanical system. By
utilizing  the  parameters  of  denavil-
hartenberg, the passage from the mobile
platform (o the lixed platform is given by:

= T @ D 071500 T (1D

Singe at the point P. the active and (he
passive segments mect, thercfore. relations
(1) and (1'1) can be cqualised providing the
following closing cquation:

ML 00,5 004). T -

The member of lefl-hand side of the
equation (12} depends on the articular
variables of the passive segment.  The
member ol right-hand side depends on the 6

operational variabies Py Py P,ow L0 LD TThe
resolution ol the equation system that results
from (12} cnables (o determine these 0
operational variables with respect 1o the 3
articular variables ol the passive segment,

3. Inverse geometrical model

Each active segment is made ol two bodies
in slide connection bound by kneecaps 1o the
base and 1o the mobile plaiform (hg.2).

The following elements are defined-
Air articulation of bar 1 attached 1 he
base. '
Bi:  wticulation of bar i attached o the

moebile plationn.
By considering (he closing equation, we can
obtain  the expression ol the  arlicular  co-
ordinaies ¢, which represent the lengths of the
active segments. with respect to the operational
co-ordinales,
The geometrical relasion is.

OP=0AI+Ai B+~ P

o Mai-qi PBE 0

Aller development. we have:
Aoy AL A
g ="+ by - Ma,

q.= ‘\I) + th% ”hl - 11\311

[P MR b - M ) (13

We can observe that relation (13) contains a
transformation matrix that can be wrilten lor a
pure lranslation such as follows:

[0 o Gl

“ry=lo 1 0
U N N B
0 0 0 |

With: [, the Jength of the passive

segment fori=1,2, 3,

The resolution of (12) by identification is
obvious in our particutar case:



e

Mansoura Engineering Journal, {(MEJ), Vol. 31, No. 2, June 2006.

By developing the equation (13) . we have
the Tollowy o relaton:

(b [raCp] [1 0 0][bCp,
(|.2:: Po-raSB [0 1 O[] rbSH,
P, 0 001 0
L ra Cf 10 0 |IrbCp
. Py raSPpi[. [0 1 O [[rbSp;
P, 0 0 0! 0
After development, we get
ql2 = P\1 + PY2 + })72 + F,-.2+ Thz - 21‘,11'1\ -
2P CHi, '*'21‘_\1'{;("[1. - ’-u)f‘ r.S[3,
+2P S P - (14
or
.

q;z =P EP R, 120 2P 1 2P

g7 = PP EP B 02, 2P, CPs
+2P nCPy -2P, ., SB,+2P, 1558,

q_;:= P\-2+P).1+P,2+r;,2+ 22, 2P, 1,Cs

+2P\ rh('B;-2l-’\ r‘.SB_1+2I’) I‘bSB_‘:

Ubese relations show that the lengths of aclive
segiments can be calculated  providing  the
geometrical characieristics of the robot and
the pusition that have (o be reached by the
end-.clleclor.

By using the tollowing change of variables,

M. 106

<y 2, S-S s
Ca=2n5 B2 S
S 21, 20

€7=2 1,CP2-2 nil'3;
ey=2 r,CR:-2 1,0
Cy= 1';.24- r|.3-2r;. Ik

By mecans ol these new variables. we can

express the gi as lollows:

ool piyp . 1n
gt =i 1S +l 5 I; L'}+‘ LS

(15)

:.__): }3 )2- N )] b .
¢z =P AP e el v

a h Al ¥
(3 =P EPCRD, eyl Legml e

Thus.  being  given  geomelrical
dimensions of the parallel robot. one can
determine the lengths of the active
segments which are necessary 1o move
the mobile platform towards the point ol
the space located at the co-ordinates
(Px.Py.Px)'.

These expressions {15) enable us to
implement (he control of the robot based
on the inverse geometrical model.

4. Direct geometrical model

The direct yweometrical mode] is used
o pass from the articular co-ordinates w
the operational coogdinates expressed in
the reference frame ol the basc,
By combimng expressions (18). we can
have:

(16).
(17

2 -
q l“-QJE’-'I’.x(e:ﬁc?}JrI’}_c..
4 il‘QJEZPx( Cotug) P, Ce

The resolution ol this  sysiem
determine Py, Py P,oas follows:

aims o

[ p . Crevea
Y ea(eotex)—es(eoter)

a—Ples+er)

€4 (%)

< P\ -

P~ tfgi—Pi-Pr~or—Pes
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Retations (18) aliow the passage from the articular
co-ordinates to the configurations of the final
body as well as the implementation of the control
ol the robot based on the direet geometrical
model.

5. Inverse Kinematics model

The verse model establishes a relation
between the articular velocity and the operational
velocity.  As a consequence. the inverse Jacabian
matrix  cstablishes  a  relationship  between
Cartesian and  angular velocities and  articular
velocities.

The tundamental equations of inverse hinematics
directly express the articular variables according

(o the onientation and the position parameters of

the mobile platform. By simple derivation ol (15)
one can deduce from it the inverse Jacobian
matrix for any representation of the orientation.
The inverse jacobian matrix is given analytically
by the relation:

dq _ p-rdx
dt =J dt
Where

Y 0q 99
dr &y o-
1. 91 Og2 gz

| from which
J = ox oy

& oy o

2q = 4

&Her ety 28 vl
_ 2q(pestere @ 2p{eter)-e ~¢e
J 7 e e e

RALETCY an 21 |
2p £/ Xp | ,
J ] 2R 2N - 2 (1
Ap 2p /7 :
2 N P
[ %p 2p Ap

Thus, the inverse Jacobian mairix can
be used lor the study of the singular
positions ol the paralicl manipulator. for
the evaluation of its maneuverability and
also  tor the  optimization ol ity
architecture.

6. Dircct kinematics model

the calculation of the inverse jacobian
matrix 1s generally casy. the eapressions
oblained however  complex and
obtaimng the direct  jacobian matrix by
inversion. like the method used by Mr.
Stoeck and K Miller | 9 . s a difficudt
5pot.

are

For our manipulator UPS. by simple
derivation of the cxpressians (14)
obtain the direct jacobian matrix which is
wrilien.

W

|| eter

o 2200 Zalloveie]]

23 @& e

7. Experimental prototype and numerical
results

The expenimental prototype of the parallel
robot which has been in our laboratory is
constituted ol tack welded structure and D.C.
motors as acloators (IFig, 3 and Fig.4). A contral
based on the direct geometrical model as well as a

e E I

contral based on the inverse geometrical
model have been mmplemented. We also
have developed a graphical user interface
which allows the user o specily the
articular or the Cartesian co-ordinates,

(20)
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Iig ’\t,hemt ol our parallel robol prolol\rpe
Lfived Base 2 Mobile Platform. 3. Actuaior,

4 Pusaive segment 5O RNneecap. 6. Ball and secket
BN it

Jernit

7 Place of the final bady

7.1) Geometrical characteristics

The prototype built up in our lsboratory has the
lellowing geometrical dala (see [Fig.3 and g4 ) :

ra =690 mm, rb = 350 mm, [}=0°. = 120°
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The points of connection ol the segments
with the lined platiorm are :

A=090.0.0] Ay=|-345.597.55. 0|
el Av=|-345 -597.55.0 |

The points of connection of the segiments
with the maobile platlorm are:

By=[350. 0. 0}. 13,=[-175. 303.1. 0|
et By=[-175. -303.1. 0|

7.2} Simulation Results

in order 1o verify the obained
relations of  both  direct and  inverse
kingmatics;  we  have  performed  a
simulation by implementing  the code
corresponding to these relations. We
provide the coordinates of some points in
the attainable work space of our robol as
inputs and we ¢heck the results which are
articular coordinates. Conversely, we
mtroduce these  results (articular
courdinates) as inpuls and we except (o

et = 240° Remits e shovnn a1
Inverse Geomelry dircet Geometry |
Px =100 qi= 048.1512 qi=0648.1512 Pr =100
Py = 50 q:=701.8366 g, =701.8366 Py = 30
Pz = 600 =742.7205 (3=742.7205 Pz =600
Px =120 q:= 743.3707 (= 743.3707 Px =120
Py =10 (>=817.9440 (~=817.9440 Py =10
Pr. =710 _]y:°825.2465 q1=825.2403 Pr=711 ]
Px =15 = 682.0602 (1= 682.6602 Px=15
Py =20 (r=085.2224 4-=b85.2229 Py =20
Iz =600 (3=702.2159 G =702.2159 Pz =600 ]
Px =50 = 742.5631 = 742.5631 Px = 50
Py =70 ,=749.0799 ,=749.0799 Py =70
7. =680 ;= 802.2684 (= 802.2684 | Pz =680
Pr=10 1= 650 ¢i= 650 Px=10
Py =0 =050 =050 Py =10
Pz =533.9856 Q=650 =050 P2=533.9856
Table |1 numerical results for the direet and mverse geometry
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Fig.4. picture of our parallel robot

7.3) Comments

I'rom table I. we can conclude that the
theoretical expressions  concerning inverse and
direct kinematics are well wverified.  in the
practice, our results agree qualitatively with our
theerical expressions.

Contral based on imverse geometrical has
been tested.  The experimental results reveal that
the robot moves towards the vicinity of the
position specihied i operational co-ordinales by
the user.

In addition, experiments ol tele-operation
were carried out on sile via Intranel where the
vision is ensurcd by a webcam. In these
experiments, the operalor controls the robot by
giving commands (impulses) via a graphical user
interface.

8. Conclusion

We have launched the analysis of a
paralle] robot with three degrees of freedom and
four segments. We  have chosen a particular
structure of the passive segment 10 give a pure
translation to the robol.  We have oblained
analytical solutions for the direct and inverse
geometrical model. We have also obtained (he
jacobian matrix by simple inversion of the inverse
jacobian matrix.

Our bcoretical  expressions  concerning
inverse and direet Kimtmaues have been well
verthied thought simulation. Nevertheless. i the
practice. our results agree quatitatively with our
theoreticat expressions, '

tndeed. errors are stemming [rom the fact
that our model does not 1ake into account thwe
inertia of the system and 1he modeling of motors,
In the same way. the absence o) feedback in this

experimental  prototvpe  does not enable o
compensate  these crrors, fo o this end. the
kKinematics  model s in the  course  of

implementation,
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