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SIMULATION OF WATER HAMMER
IN VISCOELASTIC PIPES
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ABSTRACT

- The mechanical behavior of the pipe material affects the pressure response of a fluid system during
water hammer. In viscoelastic pipes, the pressure fluctuations are rapidly attenuated and the pressure wave is
delayed in time. This is due to the retarded deformation of the pipe-wall. In this work, a mathematical model to
simulate water hammer in viscoelastic pipes taking into account the viscoelastic behavior of pipe walls, applying
the Kelvin-Voigt model, has been developed. The developed model was solved using the Method of
Characteristics (MOC), neglecting fluid-structure interactions (FSI) and unsteady friction effects. The model
results were tested against the experimental results obtained by Covas et al.-[1], which carried out on a high
density polyethylene (HDPE) pipe-rig at Imperial College, London. The effects of time step and wave speed were
studied. The pressure, fluctuation obtdined with the proposed viscoelastic model showed a good agreement with
the experimental results. Conversely, the pressure obtained by the elastic model solution showed a large
discrepancy with the experimental and numerical data. The time step affected the pressure-head wave amplitude
and frequency, while wave speed.affected only the wave frequency..The best results were obtained at higher time
step values, corresponding to a Courant number ranging from 0.983 to unity, as the average amplitude and
frequency of the numerical solution are 96% and 95.1% of their corresponding values for the experimental
results, respectively. The best wave speed was at about 388.7 mys. '

Keywords: Water Hammer — Viscoelasticity — Methods of Cﬁaracteristic_s - Co_ilrant Number — Wave Speed

1. INTRODUCTION polyvinyl ~ chloride (PVC) and
polypropylene (PP) have been increasingly

. In recent years, the application of . used in water supply systems due to their
plastic pipes, such as polyethylene (PE), high mechanical, chemical and temperature
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resistant properties, light weight and easy
and fast installation. Hydraulic transient in
pipes is important for the design of water
-pipeline systems. Analysis of transient flow

helps in selecting pipe materials, pressure

~ classes and specifying of surge protection

devices to withstand additional loads -

resulting from water hammer phenomenon.

"Classic water hammer theory based on
the assumptions of linear elastic behavior
of pipe walls and quasi-steady-state friction
losses (Chaudhry [2], Wylie and Streeter
[3,4]). This approach is relatively accurate

to predict hydraulic transients in metal or
“concrete pipes, but for plastic pipes it is

considerably imprecise. This is because
polymers, in general, exhibit a viscoelastic
mechanical behavior (Ferry [5], Riande et

al. [6]) which influences the pressure
response of the pipe system during '

transient events. The viscoelastic behavior
attenuates the pressure fluctuations rapidly,
delays the pressure wave in time and
increases the dispersion of the travelling
wave. This effect has been experimentally
- observed by several researchers (Covas et
- al. [1], Fox and Stepnewski [7], MeiBner

and Franke [8], Williams [9], Mitosek and .

Roszkowski [10], Brunone et al. [11],
Kodura and Weinerowska [12], Bergant et
al. [13] and Bergant et al. [14]). Many
other authors . proposed mathematical
models to simulate fluid transients in
viscoelastic pipes taking viscoelasticity of
pipe-wall into account (Bergant et al. [14],
Gally et al. [15], Rieutford and Blanchard
[16], Rieutford [17], Franke and Seyler
[18], Suo and Wylie [19], Covas [20],
Covas et al. [21], Duan [22], Bergant et al.
[23] and Keramat et al. [24]).

Although  viscoelasticity has a
significant effect on simulation of fluid
transients in viscoelastic pipes, FSI and
unsteady friction affect also simulation

results. FSI effect was investigated by’

many authors (Keramat et al. [24], Lavooij
and Tijsseling [25], Tijsseling [26],
Heinsbroek [27], Wiggert and Tijsseling
[28], Neuhaus and Dudlik [29] and
Achouyab and Bahrar [30]). They found

that the FSI has no significant effect if the
pipe was fixed rigidly and constrained from
any axial movement.

~ Several researchers took the effect of
unsteady friction into account while

simulating fluid transients in viscoelastic

pipes (Duan [22], Zielke [31], Brunone et
al. [32], Bergant et al. [33], Ghidaoui et al.
[34], Adamkowski and Lewandowski [35],
Pezzinga [36], Brunone and Berni [37] and
Storli and Nielsen [38]). They found that
the viscoelastic effect becomes more and
more. dominant with respect to unsteady
friction, as time progresses (Meniconi et al.
[39D).

In this paper, a mathematical model

“ which simulates water hammer in

viscoelastic pipes was developed and
solved using the MOC. In the proposed
model, only viscoelasticity was taken into
account, neglecting FSI and unsteady
friction effects.  Viscoelasticity —was
simulated applying a generalized Kelvin-
Voigt model. The model was verified by
comparing the model numerical results
with the experimental results observed by
Covas et al. [1].

2. MATHEMATICAL MODEL

2.1. Viscoelasticity

Viscoelastic materials exhibit both

‘viscous and elastic characteristics when

undergoing deformation due to its
molecular nature. When viscoelastic
materials  subjected to a  certain
instantaneous stress o, they do not respond
according to Hooke’s law. The viscosity of
the viscoelastic —material gives the
substance a strain rate which is dependent
on time. These materials have an
instantaneous elastic response and a
retarded viscous. response, as shown in
Fig. 1(a), so that the total strain & can be
decomposed into an instantaneous-elastic
strain, &, and a retarded strain, &, as:

e=¢g,+¢&,(1) (1)

For small strains, applying
“Boltzmann superposition principle”, a
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combination of stresses that act

independently results in strains that can be .

added linearly. This is shown in Fig. 1(b)
for the particular case of two stresses. So,

- the total strain generated by a continuous. -

application of stress a(t) is (Bergant et al.

23D
£= a(r)J +(0'(t)>‘ oJ (t)j @)

where Jo is the ‘instantaneous creep-

compliance and "*" denotes convolution.

For linearly elastic materials, the constant
creep-compliance Jy is equal to the inverse
of Youno s modulus of elasticity, i.e., Jy =
. 1/E,.

W - @

G

&(t)

Loading} Unloading ° -
Phase | Phase

Figure 1 (a) Stress and strain for an
instantaneous constant load
(b) Boltzmann superposition principle for
- two stresses applied sequentially

M1 . K2 . . y'NKv
. : El Ez . ENKV'

Figﬁre 2 Generalized Kelvin—Voigt model

In order to determine stress-strain
interactions and temporal dependencies of
viscoelastic materials, many viscoelastic
models have been developed. For small
deformations, it is usually applicable to
dpply linear viscoelastic models, for
example a generalized Kelvin—Voigt model
consisting of Ngy parallel spring and
dashpot elements in series with one
additional spring, as shown in Fig.2. In

this mechanical model, the elastic behavior
of viscoelastic materials is modeled using-

.springs, while dashpots are used to model

the viscous behavior. It is used to describe
the creep function (Aklonis et al. [40]) as
follows:

. Ny
JO=J5+ > J(1-e') 3)
. k=1 ' . )

. whére Jy is defined by J; = 1/E;, J; and E;

are the creep-compliance and the modulus
of elasticity of the spring of the Kelvin—.
Voigt k-element, and 7 = uy/E;. 7, and L
are the retardation time and the viscosity of
the dashpots of k-element. The parameters
Ji and 7, of the viscoelastic mechanical
model are adjusted to the creep-compliance
experimental data. The creep-compliance
function for a material is dependent on
temperature, stress age, and orientation as
a result of the manufacturing process (Lai
and Bakker [41]). These effects are not

included in Eq. (3). -

The total strain indicated by Eg. (2)
consists of an elastic and a viscoelastic
part. The viscoelastic part is a function of
the whole loading history. In the case of
water hammer, this loading comes from the
fluid .pressure head within the pipe. The
steady head Hp accounts for the static
situation as one can assume that a long
time - has” "been passed after the

_ establishment of H,. The dynamic head H

represents the difference between the fluid.
pressure head H and stat1c head Hy as

. 'follows:

SE:H—H@)' I (45

If the dynafnic head is substituted for stress

o in the integrand of Eq. (2), a function

which represents up to a constant factor the

. retarded response to water hammer is given

by (Keramat et al. [24]):

@)= Z( j H(- s)e"”‘ds)

= Zlm(r) )
k=1
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2.2. -Governing Equations

In this section, the governing equations
for water hammer in a viscoelastic pipe are
presented (Keramat et al. [24]). In the
presented model, the relevant assumptions
are: the piping system consists of thin-
walled, linearly viscoelastic pipes with no

buckling and no large deformations and .

neglecting  fluid-structure  interactions
(FSI), unsteady friction and convective
terms. Another important assumption made
in this derivation is that the pipe is totally

. restrained from axial movements. Applying

‘the Kelvin-Voigt model to simulate

" -viscoelasticity, then the continuity and-
‘momentum equations can be written in the

following forms:

d
a_V.|. aH 2_&

? — 6
3s  a® ot ot ©
vV 1p di f ..

—_— +=-VIVI=0 :
ot +p 8s+gds 2D : 2
where, A .

The thin-walled pipe assumption also

allows the dynmamic circumferential hoop

. stress to be calculated according to:
_peDH

14 2 e

Using Egs. (8) and (9) in (6),
eliminating the convolution operator,

®

Eq. (6) can be rewritten in the pressure

form as follows:

2V 3V (Bp
p

- at] Cy =0 (10)

where

ds dz 2 2\ P8D alﬁ
C -— — LA ST S
o K aras)”,(l V)_e E

2.3. MOC Implementation

From the previous section, the

_continuity and momentum equations,

which govern unsteady fluid flow in
pipelines, are-found as partial differential
equations. The standard procedure to solve
these equations is the method of
characteristics (MOC). This procedure
yields water-hammer compatibility
equations that are valid along characteristic
lines in the distance (s)-time (?) plane.

2.3.1 Development of the characteristic
equations

'Multiplying Eq. (7) by Lagrange

. multiplier, a constant linear scale factor

(), and adding the result to Eq. (10), get:

' (lﬂ+a2§zj+i§£+ia_p +
' ot = os pot pos
7) .
A—+;DVIVI+C01—O 11

The. first group can be replaced by
A-dV/dt, then a® =A-ds/dt, while the
second group can be replaced by
Yp- dp/dt then A=ds/dt. To satisfy
these two requirements for ds/ dt, then

A% '=q?. This leads to:
A=ta (12)

Then Eq. (11) after replacing groups can be
rewritten as follows:

(zﬂ} 1dp) 2%,
L odt p dt ds
{ngwcm-o (13)

Replacing - Lagrange multiplier with its
values from Eq. (12), then Eq. (13) can be
rewritten in the head form, as it is easier to
visualize the propagation. of pressure
waves, as follows:
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d_Viﬁ d_H +iVlVli&=0
at a\ dt) 2D - a

ds
ly wh ta 14
only w enl:d[ :l (‘)

Eq. (14) represents the characteristic
equations. These equations describe a

family of straight lines of slope (£ 1/a) on

the s-¢ plan. Figure 3 shows the C* and C
characteristic lines on the s-z plane for a
reservoir-pipe-valve §ystem.

10 i® O

Figure 3 The MOC grid for a reservoir-
plpe-valve system

2.3.2 The finite dlfference equations’
" representation

In order to get the numerical solution .

of Eq. (14), they have to be written in finite
" difference form. It will become:

(v, -v..)+ S, -, )

At cA
Ly v 14529 oo (15
2D "k (15)
8l o
v £, -, )0
&V v, (=S98 _o (16
2D a

- At . .
The term’ [C‘” j, can be rewritten in the
a ;

following form:

Coldr |4 A.‘?ﬁ) C-EI_E‘
a ‘["(g EAIE

ds
ly when | — =+ 17
~only e-[dt aj, a7

where, C07 (1 -V )Ai‘.a%.

~ By substitution in Egs. (15) and (16), get:

fAt

v, —Vu)+£(Hp '—Hu)+—DVu IV, |

ol
(gAt sm9)+C07[ at] 0 (18)

JAr

4 (Vp _VRF)—:f;(Hp _.-H'Ri) D VRl IVRI l

: ol
+(gAr.sin8)-C,, [a—t”] =0 (19)

where sin 6 = (dz/ds) is positive for pipes
sloping ~ upward in the downstream
direction: Keramat et al. [24] evaluated the

© term (BIE/ dt) using the following linear
rélation for' the unknown head at the

current time stcp:

az_ )

—allrar',,(t)m2 - (20)

S -
a —Nzkv[ﬂ[IFe_’_*J:,=Sum @1
1= At - 21001 .

k=1 )

@ =a3'.Hp(t_At)_’H0J—
alH,e-ar)-a, 2

p

'.. T Ny F B ;M 4
a; = Z i[e " H = Sumy, (23)
k=1 Tk

-

NWT

Iz (t—At) = Sumy, (24)
=y .

Then, Egs. (18) and (19) can be rewritten
as follows:
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v )+(£rca i, < £+

%Vu 1V, 1+(gAt.sin6)+Co =0 (25) -

v, —VR,.)—(§+C()8)HP +(§} Hy +

%vm 1V, | +(gAt.5in 8) -

where Cog = (Cp; * a,) and Cpy = (Cor *an).
* Equations (25) and (26) represent the
C*and C characteristic lines equations.

Co =0 (26)

-3, MODEL VERIFICATION

" To verify the proposed mathematical
model and its solutions, a case study

presented experimentally by Covas et al.

[1] was investigated.

Covas et al. [1] performed an
experiment on a high density polyethylene
(HDPE) pipe-rig, which is rigidly fixed to a
wall with the specifications given in
Table I. It is a reservoir-pipeline-valve
system where the length between the vessel
. and the downstream globe valve is 277 m.

Covas et al. [21] performed creep tests
to determine the creep function of HDPE.
They also estimated the order of magnitude
of this creep function based on data
collected from the pipe-rig and in the
calibration of a mathematical model
developed by Covas et al. [1]. The creep
function provided by Covas et al. [21] 1s
used (Table 2).

The developed mathematical model -

results for the heads at location 35,

corresponding to a distance of 197 m from -

the upstream end are compared with the

experimental results of Covas et al. [1] in -

Figure 4.

It can be observed that v1scoe1astlc1ty
has been modelled and implemented herein
correctly, The effect of FSI was not
significant in the experimental results
" because the test-rig pipe sections were
rigidly fixed and assumed to be constrained
from any axial movement.

"| Sample size 20 s
Number of K-V 5
elements )
Retardation 7, =0.05 | J;=1.057
times 7 (s) and 1,=0.50 | J,=1.054
creep T3 =1.50 | J3=0.9051
coefficients Jy 7,=50 |Js=0.2617
(10" Pa’) 7= 10.0 | Js=0.7456
65
60 _- Elastic Mode
C M~ .  Experimental Data [1]
55 — 1 (] "e
[
b / i
50 — n :
E . 1
'g 45 '—f b
2 4 1 g |
- 1 1 ]
40 — 1 1
7 1 ‘pu
35 )
304 ! M viscoelastic Mode!
']
25 T I T l T | T l T l T l T | T I T I T
0 2 4 6 8 10 12 14 16 18 20

Table 1. Specifications of the reservoir-
pipeline-valve experiment performed
by Covas et al. [1]

Length 277 m
Inner-diameter - 50.6 mm
Wall thickness 6.3 mm
Poisson ratio 0.46
Steady state discharge | 1.01 Vs
Reservoir head | 45m
Valve closure time 0.09 s
Pressure wave speed | 385.0 m/s
Stress wave speed 630 0 m/s

Table 2 Calibrated creep coefficients Jx
Covas et al. [21]

Time (s}

Figﬁre 4 Comparison of the mathematical
model results against the experimental
results of Covas et al. [1] at location (5)

The viscoelastic effect becomes more
dominant with respect to unsteady friction, .
as time progresses. So, acceptable
discrepancy between the numerical and
experimental results with time progress can
be observed, due to neglecting the unsteady
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friction effect in the present model. For the
viscoelastic model, the figure also shows
that the pressure wave damps faster than
damping in the elastic model, which agrees
with the experimental results. Therefore, in
case of studying viscoelastic pipes the
viscoelastic ‘model should be applied to
‘predict pressure head ﬂuctuatrons

4. PARAMETERS AFFECTING
. VISCOELASTIC MODEL

From Egs. (25) and (26), it is clear that

the time step, At, and the wave speed, g,
appear in more than oné term: Therefore,
these parameters may lead to a significant
effect on viscoelastic results. Therefore,
their effect -on the viscoelastic model
. results will be investigated herein.

4.1 Time Step Effect

In this section, the time step effect on
the viscoelastic mode] is investigated by
varying the time step value. The stability
criterion ‘for explicit time stepping
developed by Courant et al. [42] must be
satisfied. This criterion requires that the

Courant number, C, which is defined. by

Eq. (27), must not.exceed the unity.

At +V -
c=%51_ @7

Therefore, the time step value can Be
changed within the following limit:

ar< ds

-maia + Vll : (28_)

For a wave speed of 385m/s, the |

effect ‘of varying the time step and
consequently Courant number values is
shown in Figure 5. It reveals that changing
time step and Courant number causes
amplitude and frequency distortions. The
amplitude distortion is illustrated in
Figure 6, whereas the frequency distortion
is shown in Figure 7.

Figure 6 represents a comparison
between the average head of Covas et al.
[1] data and those of the numerical results

at different time steps. The average head
ratio is the ratio of the numerical results
average head to their corresponding values
of the experimental data obtained by Covas
et al. [1] at different time steps. It shows
that the average amplitude of the numerical
solution at Courant number of 1 is 96 % of
its value for the experimental resuls.

65
€0
55
80

45 -

Head (m)

Experimental Data[1]
-C=1.0 (A=0.10265 s}
| C=0.8 (At=0.08212s)
rC=0.6 (At=0.06159 s}
—C=0.4 (At=0.04106 5

[ L L IR L
8 10 12 14 16 18 20

Time (s}

Figure 5 Time-stép and Courant number -
effects on head fluctuations

Courant Number
0.4 . 06 0.8 1.0
477 . L : L : 100.50
47.6—_ —100.25 _
. Lot o -
~ 475 Experimental Results [1] [ - &
£ = . = 100.00 .
2 r96.00 8
£ 4554 F 2
© - 9575 &
80 . je>)
£ 4549 Viscoelastic Model - g
> . g - &
< 453 i 95.50 5
<
45,2 -8 - 95.25
45.1 —_— , . 95.00
" 0.04 0.06 T 0,08 0.10

At (s)

Figure 6 Time step and Courant number
effects on average head value

Figure 7 represents a comparison
between the frequency of fluctuating head
of Covas et al. [1] data and those of the
numerical results at different time steps.
The average frequency ratio is the ratio of
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the numerical results average frequency to
- their ~corresponding  values - of  the
experimental data obtained by Covas et al.
[1] at different time steps. It shows that the
average frequency of the numerical
solution at Courant number of 1 is 95.1 %
of its value for the experimental results.
A From.Figures 6 and 7, it is clear that
the higher time step and Courant number
gives the best match. The best amplitude
match can be obtained at Courant number
equals unity, while the best frequency
match is achieved at Courant number of
0.983. At this Courant number, the
amplitude distortion will be quiet large.
While at Courant number equals to unity,
the frequency distertion will be quiet small.
So, it is.recommended to choose Courant
number equals to unity to.get the optimum
match. _ L -

Courant Number
0.4 06 . 08 1.0
, | . | .

Viscoelastic Model r

0.4 — .
Experimental Results [1]

Averaﬁ,e Frequency (Hz)

T
23
Average Frequency Ratio (%)

1
o]
o

0.2

. T T
0.04 0.06 0.08 . 0.10
. At(s)

Figure 7 Time step and Courant number
effects on average frequency of
. fluctuating head .

4.2 -Wave Speed Efféct

. Wave speed for a pipe. anchored
throughout against axial movement was
presented by Larock et al. [43] as follows:

[ Kip

W TE S

9

While the HDPE modulus of elasticity
varies from 0.8 to 1.43 GPa [44,45], then
the' wave speed value can’ vary from
345 m/s to 452 m/s, respectively. Figure. 8
illustrates the effect of wave speed change
within the previous range at Courant
number of unity.

Figure 8 shows that changing wave
speed has no significant effect on pressure-
head wave amplitude, while it affects the
wave frequency.

65

Head (m)
&
]

T T

L A L L D

R
0 2 4 6 8 10 12 14 16 18 20

Time (s)

Figure 8 Wave speed effect on head
fluctuations

For a certain wave speed, it can be
observed that the wave frequency changes
with time. This effect can be observed from
Figure 9. It shows the change in wave
frequency as a function of time and the
comparison with experimental results.

From Figure 9, it is clear that for all

'wave speeds the pressure-head wave

frequency decreases with time, while for
the experimental results it tends to decrease

- firstly and there-is a slight increase when
_time progress.

Figure 10 represents the relation
between average pressure-head wave
frequency as a function of wave speed. It
shows that the higher wave speed, the
higher average pressure-head wave
frequency.
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0.35 femmmmeme Experimental Data [1]]
i oty 23395 mi5
=385 mis
T =375 m:
0.34 + e a=360m/:
N
033
e
[&]
) i
g .
g 0.32 H
=4
i _
0.31 4
0.30 4——F——F—————
0 4 8 12 16 20
Time (s)
Flgure 9 Wave speed effect on wave
frequency X
0.340 — .
. 0.335-] l /
N
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2 03304
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Qo E
&
3 0.325
u‘ T .
o .
& 0.320 . '
b P
g - A _ .
< 03154 — '
Experimental Data [1]
1 + Numerical Data '
0.310 T I ' T [ T l T | T l T

360 365 370 375 380 385 390 395
Wave Speed (m/s)

Figure 10 Wave speed effect on average
wave frequency

S. CON CLUSIONS

A mathematical model to ealculate'

water hammer in viscoelastic pipes taking

into account the viscoelastic behavior of

pipe walls has been developed in the
current paper. Viscoelastic behavior was
simulated by applying the Kelvin-Voigt
model. Governing "equations for water
hammer in a viscoelastic pipe were solved
using MOC neglecting FSI and unsteady
friction. To verify the proposed
mathematical model and its numerical
implementation, its results were compared

with the experimental data. The numerical
results obtained by the elastic and the
viscoelastic models were compared with
experimental results carried out on 2 HDPE
pipe-rig by Covas et al. [1]. The effects of
time-step, Courant number and wave speed
were studied.

The pressure fluctuation obtained with
the proposed viscoelastic model agreed,
within 96%, with the .experimental data.
Conversely, the pressure obtained by the
elastic. model solution showed a large
discrepancy with the experimental and

~ theoretical data. So, taking viscoelasticity

into account- was very important while
simulating transient events in a viscoelastic
-pipe. However, neglecting FSI in the
current model did not: affect the results
significantly, as the test rig pipe sections
were rigidly fixed and assumed to be
constrained from any axial movement. On
other hand, neglecting the unsteady friction
affected the model results slightly with

- time.

. The time step and Courant number
affects the pressure-head. wave amplitude
and frequency. The higher time step and
Courant number, the best match between
the numerical and experimental results.
Best results can be obtained at a Courant
number ranging from 0.983 to unity.

Wave speed affects the pressure-head
wave frequency, as increasing wave speed -
increases the average pressure-head wave .
frequency. The deviation between the
numerical and experimental results may be
due to the wave speed value, a, which
depends on the fixation type and the value
of the modulus of elasticity that varies
from 0.8 to 1.43 GPa.

NOMENCLATURE

a Wave speed, m/s

C Courant number

D Pipe internal diameter, m

e Pipe wall thickness, m

E Pipe modulus of elasticity, Pa
f Friction coefficient

g Gravitational acceleration, m/s?
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ﬂﬁqbcxmgmpu

Head, m
Head at sieady state condition, m

Dynamic head (H-Hp), m -

© Sump lével, m '

Head increase across a pump, m

a function representing the retarded

response to water hammer
Creep compliance function, Pa’
Fluid bulk modulus, Pa
Pipe length, m
Number of Kelvin-Voigt elements
Pressure, Pa
Discharge, m s .

""Discharge of a pump, m m’/s -
Axial coordinate . '
Time, s .
Valve closure time, s
Fluid velocity, m/s
Fluid velocity at
condition, m/s
Elevation, m
Difference
Strain
Circumnferential strain
Pipe inclination angle, degree
Lagrange multiplier
Poisson’s ratio
Fluid density, kg/m® -
Circumferential stress, Pa
Retardation time, s

steady state
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