Mansoura Engineering Journal

Volume 47 | Issue 6 Article 13

12-1-2022

Numerical Solution of Biharmonic Equation Using Modified Bi-
Quintic B-Spline Collocation Method

Atallah El-shenawy

Mathematics and Physics Department, Faculty of Engineering, Mansoura University, Mansoura, Egypt
-Assistant Professor at Department of Mathematics, Faculty of Science, New Mansoura University, New
Mansoura, Egypt, atallahtm@yahoo.com

Mohamed EI-Gamel
Mathematics and Physics Department, Faculty of Engineering, Mansoura University, Mansoura, Egypt,
gameleg@yahoo.com

Dina Reda Jaheen
Department of basic of sciences, Mansoura Higher Institute for Engineering and Technology, Mansoura,
Egypt, dmatar@mc.edu.eg

Follow this and additional works at: https://mej.researchcommons.org/home

Recommended Citation

El-shenawy, Atallah; EI-Gamel, Mohamed; and Jaheen, Dina Reda (2022) "Numerical Solution of
Biharmonic Equation Using Modified Bi-Quintic B-Spline Collocation Method," Mansoura Engineering
Journal:Vol. 47 : Iss. 6, Article 13.

Available at: https://doi.org/10.58491/2735-4202.3173

This Original Study is brought to you for free and open access by Mansoura Engineering Journal. It has been
accepted for inclusion in Mansoura Engineering Journal by an authorized editor of Mansoura Engineering Journal.
For more information, please contact mej@mans.edu.eg.


https://mej.researchcommons.org/home
https://mej.researchcommons.org/home/vol47
https://mej.researchcommons.org/home/vol47/iss6
https://mej.researchcommons.org/home/vol47/iss6/13
https://mej.researchcommons.org/home?utm_source=mej.researchcommons.org%2Fhome%2Fvol47%2Fiss6%2F13&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.58491/2735-4202.3173
mailto:mej@mans.edu.eg

P: 14 MANSOURA ENGINEERING JOURNAL, (MEJ), VOL. 47, ISSUE 6, DECEMBER 2022
Mansoura University e
Faculty of Engineering
= = Mansoura Engineering Journal l |
3 = T KLt
V.o Y
v 8L Y
F el
i‘l'--...u..-:____ ;i!"i"?
A""B-'l.h_l' . )

Numerical Solution of Biharmonic Equation
Using Modified Bi-Quintic B-Spline

Collocation Method

Atallah El-shenawy, Mohamed EI-Gamel and Dina Reda*

KEYWORDS:
Modified Quintic

B-spline, Biharmonic

equations, Dirichlet

problem, Collocation

method

Abstract—In the following work, the numerical investigation of
biharmonic equation is explored. The approximate solution is
approximated at specific points in the solution domain by using the
collocation method based on the modified bi-quintic b-spline basis
functions. These modified basis functions vanish at the boundary points.
The main properties of these basis functions are discussed in detail. The
method is based on reducing the proposed problem to a linear system of
equations. The boundary conditions are combined in the resulting linear
system of equations in specific order to guarantee that the approximate
solution coincides with the exact solution at the boundary points. Three
numerical examples show the effectiveness of our method, and the
accuracy is measured by comparing three different types of error between
approximate and exact solutions. The outcomes are graphically depicted to
assess the performance of the intended method. The proposed method is
easy to implement, and numerical results ensure that the method

approximates the solution of the biharmonic problem very well.

I.INTRODUCTION

MONG the most significant problems in the field
of physics and engineering applications is the
biharmonic  equation. For example, the
deformation of a thin plate, the modeling of bio-fluid dynamics
and motion of a fluid, etc. All of these applications are modeled
by the biharmonic equation. Also, an important role is played
by the biharmonic equations in the applications of quantum
mechanics, gravitational theory and structural and continuum
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mechanics. The biharmonic problem was solved analytically to
obtain a closed-form solution by using the separation of
variables method. Recently it was solved by various analytical
methods such as variational iteration, decomposition,
Homotopy and the Fourier-Yang integral transform methods
[1-4]. The numerical methods used for solving such types of
problems have been widely discussed and can be classified into
major classes. The spectral methods, finite element method and
finite difference method.

The method of finite difference uses a technique that
discretized the solution domain into grid points with an equal
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step size. Such methods were presented by many authors as [5—
7]. The main advantage of finite element method is it can be
implemented in flexible geometry and can be found in detail
[8-12]. Recently, spectral methods are commonly used to solve
such types of problems by approximating the solution as a
series of basis functions. Here we can cite some of the most
famous spectral techniques for example, Legendre [13],
Chebyshev tau meshless method [14], Haar wavelets
implemented in [15], and Trefftz method in [16]. Sinc-Galerkin
method was introduced in [17]. The localized radial basis
functions collocation method was used in [18].

Spectral methods such as collocation method is widely
implemented to find the approximate solution to both ordinary
and partial differential equations appearing in physical
phenomena as well as engineering models. Due to the very
important properties of b-spline basis, they have been induced
with such methods for approximating the solution of various
problems. Chang et al. [19] used cubic B-spline basis functions
to solve numerically the linear ordinary differential equations.
Caglar et al. [20] introduced the same technique to find the
numerical solution of linear system of 2" order boundary value
problems. The method based on using cubic b-spline
collocation was extended to solve higher ODE by Khalid et al.
in [21] where the sixth order boundary value problems were
solved. Another paper proposed the solution of linear fourth
order BVP by Gupta and Kumar [22]. Further approaches deal
with higher degree b-splines for approximating the solution of
some well-known applied problems have been discussed in
detail in [23-25].

On the other side, many authors proposed novel techniques
to approximate the solution of partial differential equations
such as singularly perturbed convection diffusion problem [26],
the solution of Burger’s equation using B-spline finite element
algorithms [27]. Mittal and Arora proposed an approach based
on quintic B-spline collocation for solving the Kuramoto-
Sivashinsky equation in [28]. Various techniques were
examined by using different degrees of b-spline bases for
solving heat equation, the equal width (EW) equation, the
nonlinear Korteweg-de-Vries Burgers equation and Euler
Bernoulli beam models in [29-32], respectively.

The biharmonic problem has consisted of a fourth-order
linear differential equation with boundary conditions of type
Dirichlet and Neumann. It can be described as follows:
Assume the non-homogeneous biharmonic equation in the form

d (D)
(€ = k-3),
(€ = k=3)> — 6(C — Tp—2)®,
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AfY] = n(x,y), (x,y) € Q, (1.1)
Where the differential operator A is defined by

— 4 _0fp(xy) | a*Yxy) | a*Pxy)
A[l/)]—Vl/)(x,y)— dx* +6x26y2 a9 y* !
With respect to the following boundary conditions
;Man =f, (1.2)

Y =g (13)

anlag

Where O c R? is a simply connected domain and 9Q its
piecewise (smooth) boundaries. The boundary conditions
consist of two equations, the first is Dirichlet type and describes
the values of the unknown function ond(Q , and the other

condition of Neumann type where % is the outward normal
derivative of y of the boundaries 9.

I11.SCHEME OF SOLUTION

2.1. Basic Formulas of Quintic B-Spline Basis Functions.

Assume the uniform 1D grid points ¢;, 4= 0,1,--, N in the
interval [a, b]which are divided uniformly with

b-a)
h={pr— G =—2N

Tia=¢q<§ << {y=0>b

TABLE 1.
THE VALUES OF ¢,(¢) AND THE FIRST FOUR DERIVATIVES ¢;({)

DY), 010, V() AT THE NODAL POINTS.
( (4‘.—3 (4‘.—2 (1’—1 (4: Q+1 Q+z Q+3
$:.(¢) 0 1 26 66 26 1 0
he; () 0 5 50 0 -50 -5 0

R?¢7(3) 0 20 40 | -120| 40 20 0

-120 0 120 - 60 0

h*¢"@) | 0 | 60

R () | 0 | 120 | -480 | 720 | -480 | 120 | 0

The quintic B-splines are continuously differentiable,
piecewise fifth degree polynomials defined on the interval
[a, b]which are in the form [33]:

(3 = { <G
o2 = (< {in

1 (€= Ck=3)® = 6( = $—2)° + 15(0 = G=1), Qo1 < T <G
= sz = 9° = 6(Grz = ° + 15(Gee1 = D% 8 < (< Qi
(Ceaz = ° = 6(Gewz — O°, Gev1 < € <Gk
((k+3 - OS' (k+2 = ( < Zk+3

0, otherwise

(2.1)
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Here we give some of the main properties of quintic B-

spline basis

e Smoothness and continuity: the Quintic B-spline and
their derivatives up to the fourth derivative are continuous
i.e. ¢(¢) € C*[a,b]

e Finite support: B-splines of order k have a finite support

Supp ¢, (() = [{k,Crss] i.-e. each quintic B-spline
function ¢,(¢{) extended over five points
-2 Cke-15 Cier k1, Ciera-

e Positivity: quintic B-spline functions ¢,({) > 0for { €
[Tk » {is5]- Further properties and derivation of the quantic
b-spline can be found in [34-36].

The nodal values of¢,;({) and its derivatives

¢: (D), ¢ (D), ¢”’(Z),¢£W)({ )at these points are given in
table (1).

2.2. Modified Quintic B-Spline.

Because of the extra knot points ;5 {;_1,{;+1, {i+2 the
collocation matrix of the quintic b-spline has the size
(N + 5) x (N + 5). By using the boundary conditions, one
can eliminate the extra points and the new basis functions are
called the modified quintic B-spline. In the next parts of this
paper, for simplicity the modified quintic B-spline will be
called the MQBS method. MQBS can be derived from the
classical quintic B-spline as follows [37]:

q-’El(O =¢1(0) +2¢¢() +3¢_1(0),

(éz(o =¢2(0) — Po({) —2¢_1(0),

#;(0) =¢;(), for,j=34,..,N-2,
§§N—1(O = Pn_1(0) — Pns1(D) — 2y42(),

AN =P (0) + 2¢n41(0) + 3dn42(0), (2.2)

The nodal values for the modified b-spline function and
their derivatives up to the Fourth derivative can be derived
easily from equations (2.2).

The collocation method with MQBS is an efficient method
solving the boundary Value problems [38]. Here we apply the
modified bi-quintic B-spline function to find the approximate
solution of the 2D biharmonic problem (1.1-1.2).

2.3. Collocation Method Using Modified Bi-Quintic B-Spline
for Solving Biharmonic Equation.

Definition 2.1. Tensor product [39].

For any two matrices G = [g,;;] € R™™ and H = [h;;] €
R™.The tensor product ¢ ® H = [g,;H] € R™ (. e.
gl  giH .. g1,H
GRH 921H gzzH gzan
gmlH ngH gmnH

Define the solution domain Q is the triangle a < x <'b,
c<y<d ,and let the boundary conditions (1.2) is described
in detail as follows:
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Y@y = i), Y(by) = L),
Y0 =f:(0), Y& =[fik), (2.3)
Y@y = 910, Pu(by) = g, (),

lzby(xi C) = g3(x)! wy(xﬂ d) = g4—(x):

By dividing the x-interval into a uniformN +
1 collocation points x;, = a =xy <x; <+ <xy =b, h, =
b%aand the y— interval into auniform M + 1 collocation points

d—c

Yk =C=Yo <y < < yy = d,withstep size h, =

Assume that the approximate solution of (1.1) is expressed
as follows:

N M
Py =) D 8,6y )

i=0 j=0
Where

(2.4)

¢¢j(xx y) = ¢¢(x)¢j(}/),
is the two-dimensional modified quintic B-spline basis
functions. By substituting the approximate solution (2.4) into
(1.1-1.2), the next theorem summarizes the solution's process.

Theorem 2.1. If the function (x,y)(2.4) is the
approximate solution of the given biharmonic equation (1.1-
1.2), then the unknown coefficients are determined by solving
the linear system of equations.

[(W; ul. (2.5)

Proof: from the series expansion of the approximate
solution (2.4), one can deduce easily the first four derivatives
according to the two variables x , y as follows

Peloy) = )Y 6 Gl
=0 j=0

l/}‘vxx(x'y) = ZZ&U i (x)¢](}’)
i= 0] 0

P (,7) = Z Z 5 1 (OB ), 26)

P (6, ) = Zi 8y 6 GG, ).

1=0 ]:

Similarly, the y derivatives can be deduced by the same
way. And the fourth derivative term

0*Y(x,y) 9% 0%P(x,y) 9% 3*P(x,y)
dx20y2 dx* dy:  dy? 0x?
N M

- ZZ 8. 7 (P] )

i=0 j=0

(2.7)

by substituting the expansion (2.6-2.7) into the biharmonic
equation (1.1), the following formula is obtained
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AN 7(4) g SN Trr T Wé = u, (29)
Z z i b (); () + 2 Z Z Oy 9 (PO + where
=0 j=0 =0 j=0
(2.8) Wnsnzxmen? = [v](N+1)2><(M+1)2 + Z[k](N“)zX(MH)Z +
N M

D) 8,660 ») =0y, @y eQ.

=0 j=0

By inserting the collocation points {x, })_, and {y,}!., into

[19](1\1+1)2><(M+1)2 ’

and each matrix is the tensor product of two (N + 1) X
(M + 1) matrices as follows:

equation (2.8) and representing the double summation withthe V=v1®vVi, VvV=k Qk;, =987,
tensor product notation, we obtain the following system of Where
equations:
r 120 —240 120 0 0 0 0
—240 600 —480 120 0 0
120 —480 720 —480 120 0 0
v =i 0 120 —480 720 —480 120 0
7Rl 0 0 : : : : : 0
0 0 0 —480 720 —480 120
0 0 120 —480 600 —240
0 0 0 0 0 120 —240 120 "(N+1)X(N+1)
121 -2 1 0 0 0 7
28 65 26 1 0 .. 0
1 26 66 26 1 0 0
v = 0 1 26 66 26 1 0
2 0 0 i i i i i 0
0 0 1 26 66 26 1
0 0 1 26 65 28
0 0 1 -2 12Upyinxm+1)
r 120 =240 120 0 0 0
—-240 600 —480 120 0 0
120 —-480 720 —480 120 0 0
1 0 120 —-480 720 —480 120 0
=5 o 0 : : : : ; 0
0 0 0 —480 720 —480 120
0 0 120 —480 600 —240
0 0 120 —-240 120 -
(M+1)x(M+1)
121 -2 1 0 0 0 7
28 65 26 1 0 .. 0
1 26 66 26 1 0 0
9, = 0 1 26 66 26 1 0
2 0 0 i i i i i 0
0 0 1 26 66 26 1
0 0 1 26 65 28
0 0 1 -2 12Uwinxv+n
20 —40 20 0 0 0 7
80 —140 40 20 0 0
20 40 —-120 40 20 0 0
o = Tlo 20 40 —120 40 20 0
7Rzl o 0 : : : : : 0
0 0 20 40 -120 40 20
0 0 20 40 —140 80
L0 0 20 —40 20dyipxven

and



P: 18

MANSOURA ENGINEERING JOURNAL, (MEJ), VOL. 47, ISSUE 6, DECEMBER 2022

20 —40 20 0 0 01
80 —-140 40 20 0 .. 0
20 40 120 40 20 O 0
eo— L1020 40 120 40 20 0
27 R2l0 0 : : : : 0
0 0 20 40 —120 40 20
0 0 20 40 —140 80
Lo . 0 20 —40 20 Genyxm+n)
8 = [800, 801, - » Sonts 8105 s S1pts s Saa]”

T
u= [nme’O' non’l’ ’nJCOIZVM' nx1J’0’ nx1.3’M’ Y nXN.J’M]

Where the dimension of above vectors §andpu is(N +
1)(M + 1) x 1. The boundary conditions are written in the
form

N M

> D 8,5 @F00 =AW, k=01 M,
i=0 j=0

N M

D) 8y B 0FG = L0, k=01,..,M,
i=0 j=0

N M

> D 6,5 @F00 = ), k=01, M,
i=0 j=0

N M

DD 8, $ 0 = 00, k=01 M,
i=0 j=0

N M

D) 8y @00 = fim), k=01,..N,
=0 j=0

N M

YD 6y Fi @ = filn), k=01,
=0 j=0

N M

D) 8y @O = g, k=011,
=0 j=0

N M

D) 8y B¢ @ = galr), k=01,.N,
e (2.10)

To enforce the approximate solution to achieve the
boundary conditions, the 8 equations (2.3) are converted to
matrix form, and they must be inserted into the main matrix of
the system of linear equations (2.9) by replacing the rows
corresponding to the boundary points x, x4, ¥, ¥, by a specific
order. The corresponding values in the RHS vector p are
replaced in the same way. For simplicity, consider M = N so
that the resulting linear system of equation is square (N +
1)2x (N +1)2. The main matrix of such a system is
nonsingular [38]. And the system is solved using the Gauss
Jordan method. To obtain the approximate solution, the
resulting coefficients were substituted in (2.4).

2.4. Error Estimate of Quintic B-Spline Collocation.

Theorem 2.2. Let ¢ € Q = [0,1],¢({) € CY[0,1],y =
10 € N. Define ¢, =4h,i = 0,1,...,N,{;, = 0,{y =

1,h = %.Assume S (¢;) = 9({;) and can be approximated by
quartic B-spline as follows:

N+1

S@) = Z 8¢ $x(C)i=01,...,N.
k=-3

Then
|57(g) — 9| = 0(h®),
|51’(Q) —9"G)| ~ 0(h"),
~ 0(]14)
|S® () = 9D ()| = 0(h?),

Proof: As§(;) = 9 (¢;), ¢, € Q, then §({;) can be
approximated by using the values in table (1) as follows:

Si = Pi—z + 26,1 +66B; +26B; 11 + Biza,
hS; =5(Bi—2 + 1081 — 108,41 — Bis2),
h?S;" = 20(Bs—z + 2Bi—1 — 6B; + 2Bis1 + Biv2),
R3S = 60(Bi—; — 2Bi—1 + 2Biv1 — Bis2)s
h*${® = 120(B,_; — 4Bi-1 + 68 — 4Biss + Biv2).

|Su’(<¢) _ 19///({4')

Define the invertible operator L with the notations:
A(S©)) = §(Giv),
A(S'(€) = 8" Giea),
A(S" () = 8" (Curn),
A(S"(G)) = 8" (1),
A($P@)) = DG,

and the following relations can be hold for the first three
derivatives
[A"2 4+ 26A71 + 66 + 26A + A%]S'(3,)

= %[A-2 + 10471 = 10A — A%]$(Q,),

[A=2 + 26A71 + 66 + 26A + A2]S"({,) = 2[A2 + 271 —
hZ

6 + 2A + A*]p(3,),

[A=2 + 26A71 + 66 + 26A + A?]S""({,) =

20 — N (3,

[A=2 + 26A71 + 66 + 26A + A2]S@(g,) = 22 A2 -

AN+ 6 — 4A + A2]9(Q).

60 —_ —
Z[A?—2a7t +

Where A = " with A = diz then [38]:
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§'(¢) = %[e—zm + 10e™" — 10e"* — e2hA][e~211 4
2607 + 66 + 26¢" + 2" 1¢()),

§"({) = 23[e72M + 267 — 6 + 2e" + e2M][e 72 +
26e ™" + 66 + 26eM + 2" 1P (()),

S"(() = }61—2 [(3_2h}L — 2 M 4 pphd _ EZhA] [e—2h}L +

26e7" 4 66 + 26e" + "1 P(()),
5(4)({4) — 1h;40 [e—ZhA _ 4e—hA +6— 4eh/1 + eZh/l][e—Zhl +

26e™" + 66 + 26e™ + 2" 71 (7).

After expansion of the operator notation by means of power
series, we can easily obtain the following

§'@) = (A+ 50 -2 ) ()

50%}06 21%0%
" _ 2 h*A h®2
§"(¢) = (/1 +ﬁ—@9‘|‘ “')¢(Q) :
mery = (13 = BAL L 1A .
5" = (2 g oy )b,
( —(pe R A
SWE) = (1 -+ )8
By applying the successive terms of differential operators A
and simplifying this yields the results and completes the proof.

I11.NUMERICAL EXPERIMENTS

To test the efficiency of the proposed numerical scheme,
several examples were proposed. The error is measured by
using two different norms L., — norm, L, — norm of error and
relative L, —norm of error which are defined as follows.

Lo — error = 522)1% |lpexact(x¢' yj) - lobapprox(x/ii yj)|
0<j<M
L, —error

N M
1
= WZO Zo[lpexact (X,L, yj) - l/Jappmx(xi, y]-)]z
i=0 j=

Relative L, — error

— \/ fL'V:O Z?dzo[lpexact(xi' yj) - lpapprox(xir yj)]z

Zy:o[lpexact(xi' yj)]z
Problem 1: Consider the biharmonic equation
V) =f(x,y),0<x<10<y<1,
where the solution for this problem is given in the exact form in
[15] Y(x,v) = 641:14 sin(2mx) sin(2my). The RHS function
f(x,y) = sin(2mx) sin(2wy) and the values of boundary
conditions can be easily calculated. Applying the proposed
numerical scheme and the approximate solution is obtained.
The comparison between our method and the Haar-wavelet
method in [15] is summarized in table (2). The comparison
shows the efficiency of our method for solving the biharmonic
equations. Figure (1) shows the exact, approximate solution
obtained by applying the MQBS method and L., — norm of
error for the problem (1). For

P: 19

TABLE 2.
THE COMPARISON OF L,— NORM OF ERROR BETWEEN THE MQBS
AND HAAR WAVELET METHOD FOR PROBLEM (1).

Method L.,— norm of
error
N=11, M=11 2.1672E(-06)
MQBS N=31, M=31 2.6563E(-07)
N=51, M=51 9.9503E(-08)
J=3 1.7833E(-04)
Haar wavelet method | J=4 1.6766E(-04)
[15] J=5 1.6649E(-04)
J=6 1.6590E(-04)
TABLE 3.

COMPARISON BETWEEN THE RELATIVE L, - ERROR FOR MQBS
AND 1-D RBF COLLOCATION METHOD [40] FOR PROBLEM 1-A.

No. of points NSCM1 [40] MQBS
N=11,M=11 4.5E(-01) 1.19 E(-02)
N=21;M=21 2.8E(-01) 3.5 E(-03)
N=51;M=51 2.5E(-01) 6.16 E(-04)

TABLE 4.

THE RESULTS OF L,, — ERRORAND L, — ERROR FOR MQBS
COLLOCATION METHOD FOR PROBLEM 2.

No. of points L, — error L, — error
N=10,M=10 1.647 E(-02) 5.53 E(-03)
N =40, M =40 44033 E(-03) 1.558 E(-03)
N =100, M =100 1.7720 E(- 03) 6.3704 E(-04)
N =120, M =120 1.4776 E(-03) 5.3212 E(-04)

For the sake of comparison, a similar problem (problem 1-
a) is presented which is founded in [40] with the exact solution
Y(x,y) = sin(2mx) sin 2my. The RHS function,
f(x,y) = 64m4 sin(2wx) sin(2my) and the boundary values
Y =0 along the boundaries, ¥,(0,y) = ¢¥,(1,y) =
2m sin(2my) , P(x,0) = P, (x,1) = 27 sin(2mx). The
relative L, - error for both MQBS and NSCM1 [40] are
summarized in the table (3).

Problem 2: Let the biharmonic equation proposed by Bloor et
al. [41]. The boundary values can be derived from the closed
form solution.

Y(x,y) = xcos(x)e?, (x,y) € [0,1] x [0,1].

which is derived directly by applying the separation of
variables on the homogeneous biharmonic equation. The
method of MQBS was applied to such a problem and gave a
good approximation of the approximate solution for different
numbers of grid points. The results for L, — error and L,—
error are in table (4).

Table (4) shows the obtained approximate results by
applying the MQBS method for problem 2. Both the L., — error
and the L,— error appears in the tabulated results for different
grid points. The exact and approximate solutions as well as the
absolute error for collocation grid 50 x 50 are shown in figure
(2). And two.
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¥

Figure 1. The figures of exact, approximate solution and L..— norm of error
for problem (1).

TABLE 5.
THE RESULTS OF L,, — ERROR AND RELATIVE L, — ERROR
FOR MQBS COLLOCATION METHOD FOR PROBLEM 3.

No. of points L, — error RelativeL, — error
N=21,M=21 1.649E - 01 3.02E - 02
N =51, M=51 7.02E - 02 1.35E - 03
N =101, M =101 3.58E - 02 7.1E- 03

Types of error L,, — errorand L, — error are drawn at
various N, M and results are represented in figure (3).

Problem 3: Here we turned to another example for
homogeneous biharmonic equation [42] is given by

A*Y = 0,(x,y) € [0,1] x [0,1],
Where exact solution is

e*cosy + (x? + y?)e¥ cosx.

Boundary conditions are derived easily from the exact
solution. The MQBS solution is calculated and results are
tabulated in the table (5). Also, the exact and approximate
solutions are shown in figure (4).

Exact solution
Approx. solution

L_ error
o0

Figure 2. The exact and MQBS approximate solution for problem 2 with
grid collocation points 50 x 50.
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logm Error

-26

-2.8

-3.21

-3.4

20x20 40x40 60x60 80x80 120x120

NxM

Figure 3. log,,0f L, and L, error formulas for problem 2 with
various grid collocation points N x M.

Exact solution
Approx. solution

Figure 4. The exact and MQBS approximate solution for problem 3
with N = 100,M = 100.

IVV.CONCLUSION

In the considered work, we introduce the modified bi-
quintic B-spline (MQBS) scheme to approximate the solution
of the non-homogeneous biharmonic problem. By applying this
method, an accurate approximate solution was obtained. The
proposed technique is simple and easy to implement and gives
fast and accurate results for approximating the solution of the
biharmonic problem. Three test problems were examined and
comparisons with other numerical methods such as Haar
wavelet and 1D- RBFs were tabulated. The comparisons ensure
clearly that the MQBS is an effective and accurate tool among
other numerical methods. The unsteady biharmonic equation
will be studied in the future work and the numerical solution of
such generalized model will be considered.
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